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PEKOMEHIAIMHA I1O BBITTOJIHEHNIO
N O®OPMJIEHNIO KOHTPOJIBHBIX PABOT

Llenp npenogaBaHus MaTEMATHKU B BY3€ — O3HAKOMHUTH CTYIEHTOB C OCHOBaMU
MaTeMaTUYecKOro armapara, HeOOXOAMMOTro ISl PEIICHUS TEOPETHYECKUX M Ipak-
TUYECKUX 3aJay; NPHUBUTH CTYJIEHTaM YMEHHE CaMOCTOSITEIbHO H3y4yaTh Y4eOHYIO
aUTEpPATypy MO MATEMATUKE U €€ MPHJIOKECHHSIM; Pa3BUTh JIOTUYECKOE MBIIIJICHUE U
MOBBICUTHh OOIIMI YpOBEHb MAaTEMaTUYECKOW KYJIBTYpbI; BbIpaOOTaTh HaBbIKA Mate-
MAaTHYECKOT0 WCCIIEIOBaHMs NMPUKIIAIHBIX BOIPOCOB M YMEHHE IEPEBECTU 3a7ady Ha
MAaTeMaTUYECKUM S3bIK.

Hacrosimee nocobue 1151 CTy/I€HTOB-3a0YHUKOB COJIEPKUT METOJIMYECKHUE yKa3a-
HUSL U KOHTPOJBHBIE 33a/IaHUs IO KypcaM aHaJTUTHYECKON reoMeTpuu, TUHEHHOM anre0-
pbl, MAaTEMaTUYECKOr0 aHaiu3a, QYyHKUUNA KOMIUIEKCHON MEepeMEHHOM, Teopus Mo,
YHUCJIOBBIX U (PYHKIIMOHAJIBHBIX PSAOB, AU depeHIInaIbHbIX YpaBHEHUW U ypaBHEHUN
MaTeMaTu4ecKol (GU3HKU, TEOPUU BEPOSITHOCTEM U MATEMATUYECKON CTATUCTUKH.

Bcero mnpenycmaTtpuBaeTcsi BBIIIOJHEHHE BOCBMU KOHTPOJIBHBIX PAa0OT, MpUYEM
Kaxaoe 3ananve cofepkut mno 20 BapuaHTOB. Ilepen BBINOJHEHHUEM KOHTPOJIBHOU
paboThl CTYNEHT JOJKEH H3YYUTh COOTBETCTBYIOIIME pa3/ieiibl Kypca MO Y4eOHbIM
nocoOusiIM, PEeKOMEHJIyeMbIM B JaHHOW KHHMre. B Hel e naioTcs Takke HEKOTOpbIe
HayaJbHbIE TEOPETUYECKHE CBEICHUS U NPUBOASATCA PELICHUS TUIIOBBIX MPUMEPOB.
Ecam cTyneHT UCIbIThIBAET 3aTPYAHEHUSI B OCBOEHUU TEOPETUUECKOTO WM MPAKTHYEC-
KOr0 MaTepualia, TO OH MOKET MOJIYYNUTh YCTHYIO WM MUCbMEHHYIO KOHCYJIbTALUIO Ha
y4e0HO-KOHCYJIbTAIIMOHHBIX MTyHKTAaX.

Kaxxnas xoHTpoJsibHasi paboTa JOMKHA OBITh CAENaHa B OTIEIbHOM TeTpajau, Ha
00JI0’)KKE KOTOPOM CTYAEHTY CieayeT pa300puuBO HAmUcaTh CBOIO (DaMHIINIO, WHULIH-
anbl ¥ azapec, MHU@pP, HOMEP KOHTPOJIbHON pPAaOOThl, HA3BaHUE AMCLUMIUIMHBI 5 JATy
OTIIPaBKHU pabOTHl B UHCTUTYT.

Pemenus 3aa4 HEOOX0IMMO MPUBOJIUTH B TOM K€ MOCJIEIOBATEIBHOCTH, YTO U B
ycnoBusax 3aaad. [Ipu »ToM ycioBue 3afadd JOKHO OBITh MOJHOCTBIO MEPENrCcaHo
IIepeJl €€ pELICHUEM.

B npopenien3npoBaHHOM 3a4TeHHON pabOTe CTYIEHT IOJKEH UCIPAaBUTh OTMEUEH-
HbIE PELICH3EHTOM OIMOKH U Y4eCTh €ro peKOMEHIallui U coBeThl. Ecnu jxe paboTa He
3a4TE€Ha, TO €€ BBINOJHAKT €II€ pa3 M OTHPAaBISAIOT Ha MOBTOPHYIO PELEH3UIO.
3auTeHHbIe KOHTPOJIbHbIE paOOThl MPEIBABISIOTCS CTYJEHTOM IpHU CAade 3ayera Wid
DK3aMeHa.

B cayudae HeoOXoAMMOCTH BCE JOMOJHUTENbHBIE CBEIEHUS, CBS3aHHBIE CO
cnenuuKol ydeOHbIX IUJIAaHOB JIAHHOTO By3a WJIM C METOAMKON HM3y4eHHs Kypca,
NPUHATOW B 3TOM BYy3€, COOOINAIOTCS CTyJIeHTaM KadeapamH BhICIIEH MaTeMaTHKU
BY30B JIOTIOJTHUTENIBHO K HACTOSIEMY TOCOOUIO.
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METOJUYECKHUE YKA3AHNMA K KOHTPOJIbHBIM PABOTAM
KOHTPOJIbHAA PABOTA Ne 1

AHAJIUTUYECKASI TEOMETPUS. DJIEMEHTbBI BEKTOPHOM
1 JJIUHEMHOM AJITEBPBI

OCHOBHEIC TCOPCTUYICCKUC CBCACHUS

1. Onpeoenumenem (AETEPMUHAHTOM ) N-TO MOPsJKA Ha3bIBA€TCS YUCI0 D, paBHOE
anredpanveckoil CyMMe n! 4JIe€HOB, COCTABJICHHBIX OMPECIICHHBIM 00pa30oM U3 dJIEMEH-
ToB onpenenutens. O6o3HaueHHE:

a, 4ap a,
a a a
21 22 2n
D =det[a,]=
anl anZ ann

Aneebpauueckum dononnenuem A;; dIEMEHTa a;; ONPEAEINTENS N-To MOPsIIKa Ha3bl-
BAETCS ONPEEUTEND (N - 1)-ro mopsaxa, moxy4eHHbIA U3 MCXOJHOTO BEIYEPKMBAHUEM
i-i CTPOKHM M j-ro cTONIOA U yMHOKEHHBIH Ha (- 1) .

PexyppenTHas ¢popmyna it BHIYMCIECHUS ONPEAEIUTENS N-ro Mopsika UMEET BUJ

D=a A,+a,A4,+..+a, A,

(pasnokeHue ONpeaeNuTeNs Mo JIEMEHTaM N-i CTPOKH ).
OnpenenuTenb BTOPOro NOpsIKa

r ! .
2. Cranspuvim — npouszeedeHuem JABYyX Bekropop d =4l +a,j+ ak u
1 1 1 1

b=bi+ by] +b.k nassiBaercs uncio, oTpeJesieMOe PaBeHCTBOM

& b)y=d.b= |éz/|-‘ll9‘-cosgo —ab, +ab,+ab, (0

1
1
rae @ - yron Mexay Bexktopamu d u b .



¢ =axb §  N(4BO)
> [ J
o M, ® M,
1 ® M2
a
Puc. 1 Puc. 2

1
1 1
3. BeKmOPHblM np0u3eedeﬂueﬂ4 ABYX BCKTOPOB aun b Ha3bIBACTCA BCKTOP C,

JUIMHA KOTOPOT'O paBHA MPOU3BEICHUIO JJIMH BEKTOPOB-COMHOYKHMTENIEW HAa CUHYC yIJa
1
1
MEXITy HHMH M KOTOPBIIl HampaBieH NepHeHAUKYISIpHO BekTopam du D Tak, uro
1

BEKTOPBI cll, b, ¢ 00pa3yroT npaByto Tpoiky (puc. 1):

I |
i -k
r rV. T /
c=[a,b]=axb:ax ay a.|=
b, b, b, @

= (a,b, —a.b,)i +(a.b, —a,b,)j +(a,b, —a,b)k;

¢ =[éJb|sing

f
FCOMCTpI/I‘IeCKI/I |C| PaBCH ILIOIMaaun S mapajuiejaorpamMmma, nmoCTpoCHHOI'O Ha BCK-

1
TOpax aub:
rt .
S = |a”b‘sm(p

r ! :
4. Cmewannoe — npouséedenue  Tpex  Bekropo d =a, +a,j+ak,
1 | 1

1 ! I' 1 r ) .
b=bi+ by] +bk, c=c.i+ c,J+t ¢,k ects YKCIIO0, PABHOE



rfe |5 7
abc=\b, b, b, 3)
c, ¢, c

Moyiib CMEIIAHHOTO TIPOU3BEAEHHUS PABEH 00bEMY MapajlIENENUIIENa, TIOCTPOSHHOTO
1
1 1
Ha BekTopax d, b, C.

5. Obwee ypasuenue niockocmu P uMeeT BUA

Ax +By+ Cz+ D =0,

1 1 1
rne N = Ai + Bj + Ck - nopmanbusiit BekTop mmockocti (puc. 2).

Ypasnenue nnockocmu, npoxooswei uepez mpu 3adannsvie mouxku My(Xo,¥0,20),
M;(x1,¥1,21), 1 M(X2,Y2,Z2) ©MEET BU]T

X=Xg V=YVo Z7Z
X, =Xy Y=Yy Zz;—Z,|=0 4)
Xy =Xy Vo= Vo 227 %

Yeoﬂ Meofcay Oeyﬂm MIOCKOCHAMY,  UMEIOUMMHA  HOPMAITBHBIE  BEKTOPBI
N Al +Blj +Ck u N A4, l +32] +C, k OTpPEeNENACTCS KaK YroJl MEexIy
N | B N » ; KOCHHYC 3TOT0 YTJIa HaXOJIUTCS 10 hopMyIIe

o
CosSQ = iv%]]\l% (5)
N

6. VYpasnenus npamoti 6 npocmpancmee, npoxoosweti yepes 08e 3a0aHHble MOUKU

MO(X09y09ZO) H Ml(Xlay19ZI) HUMCIOT BU

X=Xy _ V=V _ 272

Xp—=Xg V= Vo 2172

(6)

7. Mampuyerti A= (a,-j) pasmepa M X F Ha3bIBa€TCS MPSIMOYTOJIbHAS TaOIHUIa

qucel1, cocroAamas u3 m CTpOK U N CTOJI6I.IOB:



a, 4ap a,
A= A, dy a,,
aml amZ amn

IIpousBeneHueM MaTpuibl A= (aij) pasMepa M X7 Ha MaTpuly B = (bjk)

pasMepa 7 X7 Ha3bIBA€TCSI MaTpHULA C=4B= (C,-k) pasMepa 1 X1 ¢ dJIEMEHTaMH
Cy = Anby +apby +...+a,b, (7)

(MO2NIEeMEHTHOE YMHOKEHHE 1-1 CTpOKHU MaTpullbl A Ha k-it ctonGen matpuiisl B).
Matpuiia pazmepa 7 X1 Ha3bIBaeTCs K8AOPAmMHOU Mampuyel n-ro nopsaka. Jie-

MEHTBl dy;,dy;,...,A,, 00pa3ylOT 2nasHyr OuazoHals Matpullbl. OmnpeaenuTenb,
COCTaBJICHHBIN M3 JIEMEHTOB KBaJIPATHON MaTPHIIbI, HA3bIBACTCS onpedenumenem mam-

puybl H 0603HaYAETCS |A| wm det 4.

Il npui=j

a. =

Marpuna E ¢ oasnemeHramu i HA3bIBACTCS  EOUHUUHOLUL

0 npui#j
Mampuyeti N-ro TOPsIKa.

Marpuia A™" naspiBaetcs 00pamHoll K MaTpUIIE A(det A#0), ecnu

A'A=A4" = E (8)

-1 -1 -1
OneMeHTsl ¢;; 00paTHON MaTPUIIBI A" = (a,-j ) BBIMUCISIOTCS 110 dbopmynam

A =T )

rae A,-j- anreGpanuecKoe JononHenHue snemMenta @, marpuus A4, a |A| - ee ompeje-
JIUTEIb.

8. ManI/II_Ia Ar Ha3bIBaCTCA KCZHOHM'—!@CKOIZ, €CJIM B Hauvajie €¢ IJIaBHOM AuaroHalin
CTOAT CAUHUIBI, 4 BCC OCTAJIbHBIC 3JICMCHTHI PABHBI HYJIIO, HAIIPUMCED,



oS O O =
o o = O
oS = O O
o o O O

JlioGast MaTpuua A MOXKeT ObITh NMPUBEACHA K KaHOHMYecKoMy Buay A, myrem

AJIEMEHTapHBIX MPEe0oOpa30BaHMIl: a) MEPECTAHOBKU CTOJIONOB (CTPOK); 6) YMHOXKEHUS
cToJIONA (CTPOKH) HA YUCIIO, OTIIMYHOE OT HYJIS; B) MPUOABICHHS K SJIEMEHTaM KaKoro-
b0 cTonbua (CTPOKHU) COOTBETCTBYIOUIMX 3JIEMEHTOB APYroro cTojoma (CTpOKH),
YMHOXCHHBIX Ha YHCIIO.

Matpuiisl, IepexoIsAIIue APYyT B APyra B pe3ysibTaTe JIEMEHTApHBIX MTPeoOpa3oBa-

HI/Iﬁ, Ha3bIBAIOTCA 9K6UBATIEHNMHbIMU. A~ Ar .

Yucnor CAWHUL, CTOJAIIHNX HA rJIaBHOM AuaroHajain KaHOHMYECKOM MaTpUIbI A,, HC

3aBUCUT OT crioco0a MpUBEACHUS MaTpullbl 4 K KAHOHUYECKOMY BHUJIY U Ha3bIBACTCS
paneom UcxoaHou MaTpuilbl A: r(A)=r. DKBUBAJICHTHbIC MATPHUIIbI UMEIOT OJAUH U TOT
K€ paHr.

9. Cucmema mpex JUHEUHbIX YPABHEHUU C mMpeMsi HeU38eCMHbIMU X|, X,
X3 UMEET BU]T

a, X, +a,x, +a;x; =b,
Ay Xy +AypX, +dyX; = b,, (10)

a3\ X, + A3pX, + a33x; = by,

rae 4; - k03(p(PUIUECHTBI CUCTEMBI; b, - cBOGOMHEIC WICHBL. Onpenenurens TPETHETO

nmopsaaxKa A ) COCTaBJICHHBIM W3 KOC—)(l)(l)I/II_II/IeHTOB IIpn HCHU3BCCTHBLIX, HA3BIBACTCH

onpedenumenem cucmemsi. Ecrmu A #0, 1o emuncTBenHoe pemenne cuctems! (10)
BbIpaxaercs popmynamu Kpamepa:

X =0 TA x, =A T A x; =A 1A, (11)

e AL A A, OTPENIECNIUTENIN TPEThEro MOPAJKA, TOJydaeMble W3 OINpEeaSTUTENs
cucteMbl A 3amenoit 1, 2 win 3-ro cToa6a COOTBETCTBEHHO CBOOOIHBIMU WIECHAMHU

by, by, by.

Cucremy (10) MoxHo 3anucats Mmatpuunoii popme: AX = B, rue



ap, dp dg X b,
A=|a, a,, ayl|, X=|x,|, B=|b,

dy; Az dsg X3 b,

Torpaa ee permieHUEe UMEET BUJL
X =A4"B, (12)

CCJIN OIIPCACIINTCIIb CUCTCMBI OTIINYCH OT HYJIA.
Ecam cucrema JIMHEMHBIX ypaBHeHI/Iﬁ C n HCHU3BCCTHBIMU COBMCCTHA, 4 pPAHT
MaTpHlbl CUCTCMbI MCHbIIC YHCJIda HCU3BCCTHBIX, T. €.

r<n (13)

TO CHCTEMa MMEET OECKOHEUHOE MHOXKECTBO penieHuid. CBOOOIHBIC 77 — 7 HEM3BECTHBIX
BBIOMPAIOTCS MPOU3BOJIBHO, a TJIABHBIC 7 HEW3BECTHBIX OMPEICIAIOTCS €IUHCTBEHHBIM
o0pa3oMm depe3 CBOOOIHbIC HEU3BECTHBIC.

9. BekTop-cTonbery

X

n
Ha3bIBACTCA COOCMBEHHbIM BEKMOPOM KBAJIpPaTHOW MaTpullbl A n-20 MOpsSAKa, CO-
OTBETCTBYIOIIIMM COOCTBEHHOMY 3HAYEHHUIO A, €CJIM OH YJOBJIETBOPAECT MATPUUHOMY
YPaBHEHHUIO
AX=AX, wiu (A -AE)X =0

3necy E - enuHuyHas Matpuia n-ro nopsnaka, a 0 - HyneBoil Bektop-cronOen. [lpu
YCIIOBUH, YTO BEKTOp X0, MOJIy4aeM xapakmepucmuieckoe ypagHenue I Onpeaesne-
HUS COOCTBEHHBIX 3HAUCHUH A

det(4—LE) =0 (14)

KOOpIII/IHaTBI CcOOCTBEHHOI'O BCKTOpa )(, COOTBCTCTBYHOLICTO CO6CTB€HHOMy 3Ha-
YCHHUIO }\,i, ABJAIOTCS pCHICHUCM CUCTCMbI ypaBHeHI/Iﬁ



(a,, —A)x, +a,x,+...+a,x, =0

J ot +(ay, —A,)x, +...+a,,x, =0

(15)

CoOCTBEHHBIN BEKTOP OMPEACISIETCSI ¢ TOYHOCTHIO JIO TOCTOSTHHOTO MHOYKHUTES.
[Tpumep 1. Ilo koopaunatam BepiuH nupamuasl A; (3; -2; 2), A> (1; —3; 1), A5 (2;
0; 4), A4 (6; -4; 6) Haiitu: 1) nnunbl pedep 4;4. u A A3, 2) yron mexnay pedpamu 4;4. n
AA3; 3) miomans rpadu A;A.4; ; 4) 00beM TupaMuIbl
Pemenue. 1) Haxonum BekTopbl A;A. u A;A3:

AA =(1- 3)z+( 3- (2))]+(1 2)k——21—] k
AA =(2- 3)z+(0 (2))]+(4 2)k——z+2]+2k

JITMHBI 3TUX BEKTOPOB, T. €. IJIUHBI pedep A;A. u A;A3 TaKOBHI:

4,4, = J(22)" +(=1)’ +(=1)* =6
4,4, = J(-1)? +27 +2% =3,

2) CramsipHoe npomsseenue Bekropo A4, u A Ay naxomzum mo dpopmyie (1):
A4, A4, =(2)-(-D+(-1)-2+(-1)-2=-

a KOCUHYC yTJla MeX1y HUMH — 110 dopmyiie (5):

AdAd =2 o

4,4 36

cos¢ =

—_—

4,4,

Orcioza ciaeayer, uto ¢ — Ttymoii yrom, pasueii 7T —arccos 0,27 = 1,85 pan ¢ tou-
HOCTBIO 710 0,01. DTO U ecTh HCKOMBIHN yron Mexay pedpamu 4,4, u AA;.
3) Ilnomans rpanu A4;A.A; paBHA TOJOBHHE IUIONIAJU TapajuiesiorpaMma, IMo-

ctpoennoro na Bektopax A4, u AA;, 1. e. momouHe Momyns BEKTOPHOrO
MPOU3BEACHUS ITUX BEKTOPOB [cM. popmyiy (2)]:



- . . r

;
AA xAA =|-2 -1 —1=5j—5k.

3II6CB ONIPCACIUTCIIb BBIYUCIICTCA C ITIOMOIIBIO PA3JIOKCHUSA 110 HCpBOﬁ CTPOKEC. Cne-
JOBAaTCIIBHO,

Ul L ooy - sf
SA1A2A3 :5 :5 +(— 5)
4) O0veMm V nupamunabl paBeH 1/6 oObema napaienenuiena, MOCTpOCHHOro Ha

BEKTOpax AA,, A4y, A4, . Bekrop A4, = 31 2j+ 4k . Ucnonb3ys dhopmyny
(3), mosmyuaem

~2 -1 -1
V:%A1A2A1A3A1A4:émod—l 2 22%1110d(—30):5

3 =2 4

[Tpumep 2. Haiitu yron mexay miockocTsio Py, mpoxoasieit yepe3 Touku A; (2;
—4; 1), Ay (—1; 2; 0), A; (0; —2; 3), u miockocTeio P, , 3a7aHHON ypaBHEHUEM
S5x+2y-3z=0.

Pemenne. Ypasuenue miockoctu Py Haxoqum o hopmyiie (4):

x=-2 y+4 =z-1 x-2 y+4 -1
-1-2 2+4 0-1=0, |-3 6 -1=0,
0-2 -2+4 3-1 -2 2 2

7(x-2)+4(y+4)+3(z-1)=0, Tx+4y+3z=1

HO ypaBHCHI/IHM HJIOCKOCTCI/I OHpCIICJISICM nux HOPMAJIBHBIC BCKTOPBI:
1

N, —71 +4] +3k N _51 +2] 3k VYron ¢ wmexny miockoctsmu B n P
HAXOJIUM TIO q)opMyJIe (5):



COSQ = H 0,64

]
otkyna ¢ = arccos 0,64 = 0,87 pao.
[Tpumep 3. CocTaBuTh ypaBHEHHE NPAMOU, TpoXoasIIel yepe3 Touku A, (4; -3; 1)
uA;(5;-3;0).

Pemenue. Mcnons3ys popmyny (6), momydaem

x-4  y3) _z-1 x—-4 y+3 z-1
5-4 -3-(=3) 0-1" 1 0 -1

PaBeHcTBO HyNIO 3HamMeHaTelNss BTOPOM ApOOM O3HAyaeT, 4To MpsMas NPUHAIJICKHUT
IJIOCKOCTH y = -3.

[Tpumep 4. C nomomisto Gopmyn Kpamepa HaliTH pelieHHUE CUCTEMBI JIMHEHHBIX
ypaBHEHUU

2x,+x,-3x;=-5
-2x, +2x, =17 (16)
x, +x,+3x;, =4

Pemenne. Berauciaum OIIPCACIUTCIIb CUCTCMBI

2 1 -3 ]2 -1 -9

3+1| -9

A=[1 -2 2|=]1 -3 —1|=1-(-1) v
1 1 3|/ @1 o o B

=-26

Tak xak A # 0, To permenue cucreMsl MOeT ObITh HaiineHo o gopmynam Kpamepa
(11). dns aToro Haiimem AL ALLA;

-5 1 -3 2 -5 -3
A =17 -2 2|=-78,A,=]1 17 2|=130,
4 1 3 1 4 3



2 1 -5
A, =1 -2 174/=-52
1 1 3

[Moncrasnss HalicHHBIE 3HaYeHUs onpenenurtenci B Gopmynsl (11), momydaem wuc-
komoe pemenne cuctems: X; = A /A=3,x,=A,/A=-5,x;,=A,/A=2.

[Tpumep 5. Haiitu pemienue cuctemMsl npuMepa 4 ¢ moMoIibio 00paTHOW MaTPHUIIBL.
Pemenue. 3nech

2 1 -3 X, -5
A=|1 =2 2| X=|x,| B=|17
1 1 3 X, 4

Tak kak omnpenenauTeslb MATPUIBI CUCTEMBl OTJIMYEH OT HyJs (cM. mpumep 4):
‘A‘ =—26, 1o marpuia A nmeer obpatHyio. I HAXOXKICHHS OOPATHON MATPHUIBI

-1
A~ BumMCIMM anrebpanyecKyue IOMONTHEHHUS dIEMEHTOB MATPUIIBI A

A, = ~? 2=_a 21=_1 _3=_a A4y = ! _3=_4’

1 3 — 2
A=V Aoy 4, = ‘2 _ 9, 4 =_‘ 34
12 1 3 b 22 1 9 32 2 9
A= P THo 3 12 Vo 4= N__s
13 1 1 9 23 1 9 33 _2

Cornacuno dopmyie (9), maTpuiia A7 , oOpaTHas K A, UMeeT BUJ

-8 —6 -4
L1

=——|-1 9 -7
26

3 -1 -5

-1 o
ITpoBepuM npaBunbHOCTH BhiuucieHus A~ | ucxoas w3 omnpeneneHus 0OpaTHOM
Matpulibl (8) u ucnons3zys popmyiny (7):



-8 -6 —-4Y2 1 -3
A—‘A=—i -1 9 —-711 -2 2]|=
26
3 -1 -5\1 1 3

~8.24+(=6)-1+(=4)-1 —8-1+(=6)-(=2)+(=4)-1

=~ Ll L1249 04(=T) 1 —1-149-(<2)+(=7) 1
3.24(=1)-1+(=5)-1  3-1+(=1)-(=2)+(=5)-1
—8-(=3)+(—6)-2+(-4)-3 26 0 0 1 00
—1-(=3)+9-2+(-7)-3 =—2—16 0 -26 0 [=|0 1 0|=E
3.(=3)+(=1)-2+(-5)-3 0 o0 -26/ 0 0 1

Martpuunoe pemnienue cucteMsl (16) B cuiy hopmyiisl (12) umeet Bua

X, (-3 -6 —4Y-s NSONE

===|-1 9 —7|17|=-—|130 |=|-5
26 26

X, 3 -1 -5) 4 -52) | 2

OTKy/1a ciieayeT (U3 yCIoBUs paBeHCTBA JIBYX MaTpHIl), 4TO X; = 3, Xp = - 5, X3 = 2.
ITpumep 6. HaliTu pemienne oqHOPOAHON CUCTEMBI TUHENHBIX YPABHEHUI
8x,-3x,—-4x,=0

-x,+x,+x;,=0 (17)
4x, +x,=0

Pemenue. OIIHOpOIIHaH CUCTCMAa HMCCT HCTPUBHUAJIBHOC PCHICHUC, CCIIM paHT
MaTpHuIbl CUCTEMBI

8 -3 —4
A=[-1 1 1
4 1 0

MEHBIIIC YKCJIa HEeU3BECTHHIX [cM. Gpopmyny (13)]. [IpuBenem matpuily A Kk KaHOHUYEC-

komy Buny A, myrem snemeHTapHEIX npeoGpazoanwmii. [Tpubasmss k 1-my cron6iy 3-



W, a U3 3-r0 BhIUMUTAs 2-H, OJTy4aeM

4 -3 -1
A~l0 1 0
4 1 -1

YMHoxuM 1-# cTtonber Ha 1/4, a 3aTeM BbIYTEM U3 3-i CTPOKH 1-10:

1 -3 -1 1 -3 -1
A~l0 1 0|~0 1 0
1 1 -1 0 4 0

W3 3-ii cTpoku BbIUTEM 2-10, YMHOKEHHYIO Ha 4, a 3aTeM KO 2-My U 3-My cToJ0Iam
npubaBum 1-it cTonden, yMHOXKEHHBIN COOTBETCTBEHHO Ha 3 U 1:

1 -3 -1 1 00
A~0 1 0|~/0 1 0
O 0 0 0 00

Takum oGpazom, panr Marpuibl A paBeH 2 u cuctema (17) umeeT HETpUBHAIBHOE

emenue. [Ipumem 3a riiaBHble Heu3BeCTHbIE X;u X, . Tol Ja CUCTCMA 17 CBOJUTCH K
1 2
CUCTCMC IBYX ypaBHCHI/Iﬁ

4x,+x, =0
1 4
eleHue KOTopoil mMeeT BUL X1 — - X3, X2 =~ _ X3 TlpumaBan cBoGOJHOM
P P 5 5 P y

HCU3BCCTHOMY x3 IMPOU3BOJIBHBIC 3HAYCHUA x3 =5t , IIoJIiydacM pPCHICHUC CHUCTCMbI

(17)BBunge X, =t, x, =—4t x, =5t

[Tpumep 7. OnpenenuTs COOCTBEHHbIE 3HAUYEHUS U COOCTBEHHBIE BEKTOPbI
MaTpHULbI



1 6
1 2

Pemenue. XapakrepucTuueckoe ypaBHEeHUE Il TaHHON MaTpullbl umeeT Buj (14):

1-A 6
=0, ww N -31-4=0,

1 2-A
OTKyJa CJEAYyeT, 4TO MaTpuiia A HMeeT JBa COOCTBEHHBIX 3HAYCHUS AM=4 u

A, = =1 Cob6crBennsiit Bexktop X, coorercrBytommii A, =4, ompenemsiercss u3
cUCTeMbl ypaBHeHUH Bua (15)

1-4x,+6x,=0 —3x,+6x,=0
unu
x,+2-4)x,=0 x, —2x,=0

KOTOpasi CBOAUTCA K OAHOMY YpaBHEHUIO X; = 2x,. Monaras X, =1, [OJIy4aeM

pewenue B Bune X; = 2, X, = . Ciej0BaTeNbHO, IEPBbIil COGCTBEHHBII BEKTOP €CTh

BTOpOﬁ COOCTBEHHBIN BCKTOP Xz, COOTBCTCTBYIOH_II/Iﬁ CO6CTBCHHOMy 3HA4YCHHUIO

A, = =1 onpenensiercs u3 cucrems! ypaBaenwuii Bua (15):

1+1x,+6x,=0
x,+(2+1Dx,=0

DTa cHMCTeMa YpaBHEHMil Takke CBOAMTCA K onHOMY ypaBHenmio X, +3x, =0;

nonarass X, = !, samumeM ee pemenue B Buue X; = —3f, X, =1 . CrienoBaTeibHo,

X,=| "t

Takum 06pa30M, MaTpuia A wnmeer ABa COOCTBEHHBIX Pa3JIMIHBIX 3HAYCHHC

BTOPO COOCTBEHHBIN BEKTOP €CTh

)q =4 y Az =—1 u nmBa coGcTBeHHBIX BEKTOpa, PaBHBIX (C TOYHOCTHIO JIO

-3
MOCTOSIHHOT'O MHOUTEJIA ) X, = t , X, = 1 t



KOHTPOJIbHAA PABOTA Ne 2
BBEJIEHME B AHAJIN3. KOMITJIEKCHBIE UNUCJTA
OCHOBHBIE TEOPETUYECKHUE CBEICHHUS

1. [IpssiMoyTrosbHBIE KOOPIUHATHI (X, Y) TOUKH M U ee MoisipHble KOOPIAUHATHI

(P, (P) CBs3aHbl COOTHOIIICHUAMU

xX=pcos @, y=psing

1
p=yx’+y', 1gp=ylx "

rae P - NoJspHbINA paauyc, a @ - nonspHsiid yroa Touku M (puc. 3).
2. OmpeneneHne KOHEYHOro mpejesia (yHKIMU B TOYKE: YUCIO A Ha3bIBaeTCS

npedenom dyrxmuu f(X) mpu X —> a, ecim gus moGoro € > 0 maiinercs 6 > 0
TaKO€, 4YTO ‘f(x) _A‘ <¢& pu ‘x_a‘ < 6 . O003Haueuue: liirtll f(x) = A WIn

S(x)—>ampux—>a.

Oynximsa f(x) (F (X)) naseBaercst 6eckoneuno manoii (6eckoneuno 6onvuioti)

npu X = @ , eciu !Ciil:f(x)=0(limF(x)=°°).

X—>a

JBe oyuxumn f(X) u @(X), omHOBpeMeHHO cTpemsuMecs K HYIIO HIIH
. X
lim £ —
x—a (p(x)

0ECKOHEUYHOCTH Ipu X —>a , HA3bIBAIOTCA 9KeuealeHnHvimu, CCIIHN

O6o3nauenue: f(xX) ~o(x).

[Ipenen oTHomeHUsT OECKOHEUHO MaibiX (OecKOHEYHO OOonbmKX) QYHKIHMA HE
WU3MEHUTCS, €CJIM KXy U3 HUX 3aMEHUTh YKBUBAJICHTHON el PyHKIIUEH, T. €.

f() _ o )

lim = lim

x—>a (p(x) x>a @, (x)

)

ecmn f(x)~ fi(x), p(x) ~@,(x).

3. K ocnosnvim snemenmapnviv ynxyusm otHocsTcs: 1) creneHHas (GyHKIUS
y=Xx"; 2) nokasatempra Qyakims Y =@ ; 3) norapubmmdeckas (GyHKIHS
y=1log, x: 4) rpuronomerpuueckue bynxiuu: y =Sinx, y=cosx, y=1g x,
Y=cIg X; 5) o6paTHele TpPHUTOHOMETpHYeCKMEe (yHKImH: Y = arcsin x,
y=arccos x, y= dl"Ctg X.



[Ipeen sneMeHTapHON QYHKIUK B TOUKE 00JACTH €€ ONpeIeieHrs PaBEH YacTHO-
My 3HAYE€HHIO QYHKIIMH B OTOM TOUKE: hin Sf(x)=f(a).
X a

A

Y
0 | -
/ Xp
p ()
M(p;p)
Puc. 3

HapymeHI/Ie OFpaHI/I‘ICHI/Iﬁ, HaKJIaJIbIBAa€CMbIX Ha (1)YHKI_II/II/I IIpu BBIYUCIICHUH HX

TIpeIeoB, NIPUBOAUT K HEONpeaeNeHHoCTaM Buga © — 0, 00:-0,0/0, 1, 0%, o’
DOneMeHTapHbIMU ~ TpUEMaMH  PACKpBITHS  HEONpeleleHHOoCcTe  sBIsoTCS: 1)
COKpAIlleHHE Ha MHOXKHUTEJb, CO3/IAI0IINI HEONPEIEICHHOCTD; 2) IEJICHUE YUCITUTENS U
3HaMeHaTelid Ha CTapllyl0 CTENeHb apryMeHTa (JJii OTHOLIEHUS MHOTOWICHOB IpHU
X —> 0  3) npuMEHEHUE DSKBUBAJICGHTHBIX OECKOHEYHO MalblX U OECKOHEUHO
00JbIINX; 4) UCTIOIB30BAHKE JIBYX 3aMeUaTeIbHBIX MPEIEIIOB:

1

lim sina(x) =1; lim (1+a(x)*™ =e 3)
a(x)—>0 a(x) a(x)—0

OT™MeTuM TaK>XKC, 4YTO

=0, ecaulim f(x)=o
x—a f(x) x—a

lim =00, ecau lim f(x)=0

x—>a f(x) x—>a

lim S(x) =0, ecaulim f(x)=0,limp(x) =
x—a (p(x) x—a x—a

lim J(x) =00, ecau lim f(x)
x—>a (p(x) x—>a

oo, limep(x)=0



4. ®yHKIUA/(X) HA3BIBACTCS HenpepvléHolU B TOUKe X = @ , eClu:
1) yacTHOE 3HaYeHHe QyHKIHUH B Touke X = & pasro f(a) ;
2) CylIECTBYIOT KOHEYHbIE OJIHOCTOPOHHUE TIPeebl PYHKIIMU

lim f(x)= f(a=0), lim f(x)= f(a+0) @

3) 0OIHOCTOPOHHUE MPEAEIIbI PABHBI:

fla-0)= f(a+0)=C, )

4) npenenbHOe 3HaUeHUE (QYHKIMH B TOUKEe X = @ paBHO €€ YACTHOMY 3HAUECHHIO

S (a)
C = f(a) (6)

O6o3HayeHue: !CIE: f(x)= f(a)

Touka X = @ wHas3eBaeTca mouxoii yempanumozo paspuisa, ecm f(a) #C

[HapymiaeTcs ycnoue (6)].
Touka X =@ Ha3BIBaCTCA mMOUKOU paspvied nepeoco poda, eciam oba

onHocTopoHHHX npenena koneunsl, Ho f(@—0) # f(a+0) [mapymaercs ycnosue
(3]

Touka X = @ Ha3BIBACTCS MOYKOU pA3PblEA 6MOPO20 pood, €CIN XOTsA Obl OJIUH
13 OJTHOCTOPOHHUX TPE/IEIOB PaBeH OCCKOHEYHOCTH WJIM HE CYIICCTBYET [HapyIIaeTCs
ycioBue (4)].

5. Beipaxenue BUA z=x+yi=p(cos@ +isinQ) Ha3bLIBAETCS
KoMniekcHvim — uuciom (B aneebpauveckon u  mpucoHomempuyeckou  Gopme

cooTBeTcTBeHHO). 31ech &, = —1, X = Rez — nejicrBurenshas vacts, a ¥ =Imz
— MHHMMas 4YacTh KOMIUIEKCHOTO uucia %; P u @ — mooyns u apeymenm uucna % .

Z=yx*+y*, p=argz (g9 =y/x) )

P

KoMIIIeKCHBIE YnCIa N300pakaroTCcsa TOUKAMH Ha KOMILUIEKCHOM MIIOCKOCTH (pHC.
4).

3BnedeHne KOpHA n-ii cTemeHM (n — HATypalbHOE 4YUCIO) U3 YHCiIa
2=x+yi=p(cos@ +ising) (z # 0) npousoxurcs o Gopmye



n

rae \/ P — apudmerndeckuii kopens u3 moayns 3, a k=0,1...,n—-1.

A A
y y
V3
Z=X+iy
N, y 0 >
[0) PXp
p ?
Heticrurensb-
X 0 Has OCh X'
Munmast :
0Ch -1 M(V3;-1)
Puc. 4 Puc. 5 Puc. 6

[pumep 1. HaiiTi monspHsle koopauHatsl Toukn M (\/5 ;—1) (puc. 5).
Pemenue. Mcnonb3ys Gopmyisl (1), HaX0AUM NOJISPHBIA paguyc U MOJISPHBIN
yroJj TOYKu M:

P =‘Vx2+y2 =\/(\/§)2+(_1)2 =2, g0 =%=_£3

= —arctg > = -2
¢ 8 3 6’

Tak kak Touka M nexur B IV ueTBepTu.
[Ipumep 2. IloctpouTh Mo TOoukam rpapuk P = 2s5ing » MOJISIPHOU CHUCTEME

KoopauHaT. HalTh ypaBHEHME IIOJIy4EHHOM KpPHUBOM B NPSIMOYI'OJIBHOM CHUCTEME
KOOPJMHAT, HA4aJI0 KOTOPOI COBMEILEHO C IIOJIFOCOM, a MTOJIOXKUTENBbHAS T0Iyoch OX —
C NOJISIpPHOM 0Chr0. OTpeNeNnTh BU KPUBOIA.

Pemenne. Tak kak TONSApHEIA pagumyc He oTpumatenes, T. e. P =0, 1o
singp =20 OTKyZa 0<¢ <7 ; 3maunur, Bex KpHBasl pPAacCIIOJIOKEHA B BEpPXHEU
noaymiockoctu. CocTaBUM BCIIOMOTaTENIbHYIO TaOIUILY:

Howmepa Touek | 2 3 4 5 6 7 8 9

¢ 0 /8 w4 | 3n/8 | w2 | 5n/8 | 3n/4 | Tn/8

a

sin @ 0 0,38 | 0,71 | 0,92 1 0,92 | 0,71 | 0,38 0




p =2sin@ 0 0,76 | 1,42 | 1,84 2 1,84 | 1,42 | 0,76 0

JlJist mOCTpoeHUs! KpUBOM Ha Jiyde, MPOBEICHHOM U3 TOJ0ca MO yriaoM @, OTKIaIbI-

BacM COOTBETCTBYIOIIEE 3HaudeHHe mossipHoro pammyca P = P(P,) u coemunsem
MOJTy4YeHHbIEC TOUKH (pHC. 6).

Haiinem ypaBHeHHe KpuBoii P = 28INQ B npsMoyrombHO cucTeMe KOOPAMHAT.
Jliist aToro 3ameHuM P 1 @ ux BelpaxkeHusiMu yepe3 X u Y no ¢popmynam (1):

x2+y2=2—y x*+yP =2y

OKkoHuaTembHO HMeeM X~ + (y- 1)2 =1, 1. e. paccmaTpuBaeMoe YypaBHEHHE
BBIPA)KAET OKPY>KHOCTH C IIEeHTpOM B Touke (0; 1) U eTMHUYHBIM PayCoM.
I ctg(x—3)
ITpumep 3. Halitu xllg m
Pewrenue. [loncrasnsisg BMecTo X €ro npeaesibHOE 3HaYEHHE, PABHOE 3, TIOJIy4aeM

B YHCJIMTEJIE OECKOHEYHO 6OJIBH_IYIO, a B 3HaMeHaTelle — OECKOHEYHO MaJIYyTo Q)YHK-
OUIO:

ling ctg(x—3) =0, ling In(4-x)=0

. cg(x—-3)
[ToaTomy Ecllg In(4 - x) =@

i 1257 +5x
Ipumep 4. Hantu 00 4x*+7

Pemenue. HOIICTaHOBKa NpeaAcjabHOro 3HAYCHUA APTYMCHTA IIPHUBOJAHUT K HCOII-

PCACIICHHOCTH BHIA CD/CD. Tak kak ImoJ 3HaKOM IIp€aciia CTOUT OTHOUICHHUC IBYX
MHOT'OYJICHOB, TO pa3AC/IUM YUCIUTCIIb U 3BHAMCHATCJIb Ha CTAPIIYH0 CTCIICHDb apIr'yMCH-

4
Ta, T. €. Ha X . B pe3ynbprare nosy4um

o 122x*+5x . 12+5/xY  —-12+0
Iim— = lim =

oo —4xt+7  ow—d4+T7/x' —4+0

IOCKOJIBEKY TIpH X —> 00 (pyHkimu S/ x* u 7/x* ssnsorcs GeckonedHo ManbIMy.
lim 1—cos4x
IIpumep 5. Haiitu ° ) In(1- xz)

Pemenue. 1 packpeiTus nonydaromeiics sueck Heonpeneaennoctd suna 0/0




UCIIOIb3YeM METOJ] 3aMEHbl OECKOHEYHO MaJIbIX HSKBUBAJICHTHBIMH. TaK Kak TIpH
) 2 2 2

x>0 1—-cosd4x =2sin"2x ~ 8x ) ln(l—x ) ~ —X 4 TO Ha OCHOBaHUU

dhopmyibl (2) HaxoAUM

1-cos 4x  8x?
lim ————— =lim — = —8
1
[Tpumep 6. Haiitu llm (5 +2 x)x+2
Pemenne. IloncranoBka X =—2 [OpuBOAMT K HEONpeeIeHHOCTH 1°

TIpon3BeaeM 3aMeHy MepeMeHHbIX: Y = X + 2 | ,}1_>n_12 Yy=0 Torna

1 1 1)?

llm(5+2x)x+2 —11m(1+2y)y =lim| (1+2y)’ e’

x—-2

y—0
3II€CB HUCITIOJIB30BaH BTOpOﬁ 3aMedaTelIbHBIN npeaci (3)

[Tpumep 7. Yka3zarp ciiaraeMoe, SJKBUBAJICHTHOE BCEN CyMME

a(x)=sin’ x —dtgx wpu x > 0

Pemenne. Ouepumno, uto npu X —> 0 o006a cnaraemeix SBIAIOTCS GECKOHEUHO
ManbiMu. HalineM mpenen OTHOIEHHS CYMMBI K KaXXIOMY W3 CJIAraeMblX, UCIIOIb3Ys
3aMeHy OECKOHEYHO MaJIbIX SKBUBAJICHTHBIMH:

e 3
. sin” x —4tox . 4tox . tox
lim — &% = lim 1—% =1—411m%=oo
x>0 sin” x x>0 sin” x x>0 §In- X
. sinx—41gx . sin’x
lim =lim———+1=1
x>0 —4fgx x>0 —4tox

. 3
CrnenoBarenbHO, (QYHKIIHUS a(x) =sin” x — 41gx »>xBuBaneHTHa mpu X —> 0
BTOPOMY CJIaracMoMy.

[Tpumep 8. MccrnenoBath QyHKIMIO



( ‘x+1‘
—— npu x<-1,
x+1

y={vJ1-x* nmpu -1<x<0,

1-x npu x>0

Ha HETIPEPHIBHOCTh; HAUTH TOUKH pa3pbiBa GYHKUKU U ONPEAENUTh UX THl. [locTpouTh
CXeMaTuuecKuil rpaduk QyHKIUU.

Pemenue. Tak kak naHHas (QyHKOMS oOIpejielieHa Ha BCEMl YHCIOBOM OCH, TO
«TOJIO3PUTEIBHBIMA HA Pa3pbIB» SBISAIOTCA TE TOYKH, B KOTOPBIX M3MEHSETCS aHAIIM-

THueckoe BhlpaxkeHue Qynkumu, T. e. Toukn X =—1 u X =0. Bpruucmum
OJHOCTOPOHHUE TPEIEIIBI B OTHX TOUKAX.
Jis toukn X = —1 umeem:
‘x+1‘ —(x—=1)sin’ x
f(-1-0)= lim — = lim ( ) =—1;
x=>-1-0 x 4+ 1 x—>-1-0 x+1

f(-1+0)= lim V1-x*=0

x—=>-1+0

OnHocTopoHHME mnpenensl QyHKIMH B Touke X = —1 cymecTByroT, HO He paBHEI
Mexay coboit. CnenoBaTeNbHO, 3Ta TOYKA SABJSIETCS] TOUKOW pa3pbiBa IEPBOIO poja.

Jnsa toukn X =0 monyuaem

f(0-0)= lim 1-x*=1, fO0+0)=lim1-x=1

x—>0- x—>0+0

Onnocroponnue mnpezaensl GyHkiuu npu X —> 0 pasuel mexay co6oil M paBHEI

YaCTHOMY  3Hau€HUIO  (YHKIUHU f(0)=~+1-x : ‘x=0 =1, CnenoBarteabHO,

uccieayemMas Touka siBJISeTCs TOUKOW HelpPEepbhIBHOCTH.
['padux ganHOM PyHKIIMM NpPUBENIEH HA pUC. 7.

[pumep 9. M300pasuth HAa KOMIUIGKCHOH IUIOCKOCTH umena: 1) 2 =—8, 2)

Y/ .. T
Z, = 2| cos Z +1 sz . 3anucarh 4dClIO $; B TPUTOHOMETPUUYECKOM, a YUCIIO <,

B asirebpaundeckoit popme.



Pemenue. 1) Jng umcna &; wumeem X = Rez, =-8,y,=Imz, =0,
OtknagpiBas mo ocu OX X = —8, a mo ocu Oy N = 0 , TOJIy4aeM TOYKY

KOMITJICKCHOH TUIOCKOCTH, COOTBETCTBYIONIYIO YuCy &y (puc. 8). Moaymnb 3TOTO 4ncia
HaxonuM 1o Gopmyre (7):

A A
Y Y
1
7
1 Z, /4
| [ ] |
-1 0 X -8 0
—_
Puc. 7 Puc. 8

P = \zl\ =4 (—8)2 +0° =8 . AprymeHt OIpeaesIeM u3 paBeHCTBa
y 0

8P = ; = (—8) = Y | Tak xak 4ucino $; HaXOAUTCSA B JIEBOH IOJYIIOCKOCTH, TO

ero aprymeHt @; =7 . TpuroHomerpuueckas ¢opma uymucia <; UMEET BHUJ

2, =8(cosm +isinx) .

2) Monynb uncia %, paBeH P, a apryment P2 =

T
Z . Jnst ero nzo6pakeHus: Ha

T
KOMILIEKCHOM IJIOCKOCTH IPOBOAUM M3 Hooca Jyd noj yriaom P2 = Z K MOJIAPHOM

OCM M OTKIQJAbIBAEM HA HEM OTPE30K UIMHOU P, = 2. [Tomyyennas ToOYKa

COOTBETCTBYeT 4Hclay <, (puc. 8). Ero NEUCTBUTENIbHAS 4acTh

Y/ [
Rez, =x,=p,co8¢, = ZCOSZ =2 , a MHHMasI 4acTh

. . T
Imz, =y, = p,sing, =2sin " =2 . Takum 06pasom, anredbpandeckas Gopma

yuciaa &, UMEET BHI 3y = \/E+ l'\/i.



ITpumep 10. Beraucauts N — 8

Pemenue. Mogynb uncna —8 pasen 8 | a apryment pasen 7 . Ucnons3ys
bopmyny (8), monydaem

2 2
V-8 = §/8(c0s7r +isinm = %(cos%+isin%}

9

k=0,1,2

2.0 2.0
Ipu k =0:3 —8=2(c0s”+ 30 T risin®T 30 ”):
=2(c0s%+isin%)=1+i\/§

2:1- 2:1-
Ipu k=1:3/-8 =2(c0sﬂ%+isinﬂ%)=

= 2(c0s71' +isin7z:)= -2

2-2. 2:2.
HPuk=2zx3/—8=2(c0s”+3 ”+isin”+3 ”):
=2(c0s57”+isin57”)=l—i\/§

KOHTPOJIbHAS PABOTA Ne 3

JINODEPEHIIUAJILHOE UICUUCTIEHUE &YHKLMN OJITHOM U HECKOJIbKUX
[MEPEMEHHBIX

OCHOBHBIC TEOPETHUCCKHUE CBEACHUS
1. MpaBuno Jlonurtanss. [lpeden omHowenuss 08yX OECKOHEUHO MANbIX UIU

beckoneuno bonvuwux Gynxyuti (neonpedenennocmo 0/0 ynu 00/00) pasen npedeny
OMHOUEHUS UX NPOU3BOOHDBIX



tim £ _ iy L)
x—=a (p(x) x—=a Q '(x)

ecau npeoeil cnpasa cyujecmeyen.

(D

2.Ecim B HEKOTOPOH OKpPECTHOCTH TOYKH X\ BBINOJHIETCS HEPABEHCTBO
f(x) < f(xo) 501054 f(x) > f(xo) , TO TOYKa X Ha3bIBACTCSA TOUKOW KCTPEMyMa
byHKIIIHN f(x) (COOTBETCTBEHHO  TOYKOM MaKCUMyMa WM  MHUHHUMYMA).
Heo6xonumoe ycimoBue skcTpeMyma: ecium X, — JKCTpeMalibHas TOYKa (PyHKIIHUH
S (x), To nepsas npoussomnas f '(xy) mubo paBHa HYJIIO WK 0€CKOHEYHOCTH, TUO0
HE cymecTByeT. JlocTaroyHoe YCIOBHE 3KCTpemyma: X ABISETCS SKCTPEMATbHOM
TOYKON (YHKITUU f(x), ecnu ee nepBasi MPOU3BOIHAS f '(x) MEHSIET 3HaK MpHU

IIEPEXO/IC Yepe3 TOUKY X : C IUII0Ca HA MUHYC — IIPH MaKCUMyMe€, C MUHYCa Ha IUIKC
— IPU MUHUMYME.

3. Touka X, Ha3bIBaeTCs Mmoukou nepecudba KpUBOU Y = f(x), ecnm pu
nepexoje 4vepe3 TOUKy X, MEHseTCs HampaBiieHue BbINyKIocTH. HeoOxonumoe
yCIIOBUE TOYKM Ieperuda: ecinu Xy — Touka neperuda KpuBo Y = f(x), 1o BTOpas

n
npomssonuas f (X,) 1160 paBHA HyIIO MM OECKOHEUHOCTH, JINOO HE CYIIECTBYET.
JloctarouHoe ycioBHEe TOUYKM meperuba: X, dBISeTCS TOUYKOW Meperuda KpUBOM
n
y=f(x), ecnm IpU TIEPEXOJIE 4Yepe3 TOUYKYy X, BTOpas MPOU3BOJHAA S (xy)
MEHSET 3HaK,
4 Tpsimast V.. = kx+b  wmaseBactcss  maxionnoli  acumnmomoii  KPUBOIL

y= f (x ) , €CIM PACCTOSIHHUE OT TOYKHU (x; f (x)) KPUBOM [0 3TOM MPAMOM
CTPEMUTCS K HYJIO Iipu X —> O . [Ipu aToM

k=limm, b=lim(f(x)—kx) (2)
Ipu k =0 nmeem copusonmansuyio acumnmomy: ¥ =b |
Ecnu

lim f(x)=o0, wiu lim f(x)=oo0, (3)

x—a-0 x—a+0

TO mpsiMass X = @ Ha3bIBACTCA 8EPMUKALLHOU ACUMNIMOMOL,
4. OOmas cxema uccie10BaHus (PYHKIMH U MIOCTPOEHUS ee rpaduka.
L. Dnemenmapnoe uccnedosanue:



1) Haiitn oOnacTh onpeneneHus GyHKIUs;

2) uccienoBaTh GYHKIIMIO HA CAMMETPUYHOCTD U NMEPUOTUIHOCTD;

3) BBIUMCIUTD MpeebHbIC 3HAaUeHUsI (PYHKIIUU B €€ TPAHUYHBIX TOUKAX;

4) BBISICHUTH CYIIECTBOBAaHUE aCUMIITOT;

5) onpenenuTh, €ciii 3TO HE BBI30BET OCOOBIX 3aTPyAHEHUS, TOUKH MEPECCUCHUS
rpaduka GyHKIHS ¢ KOOPAUHATHBIMU OCSIMH;

6) cnenatb 3cku3 rpaduka QyHKIUU, UCTIONB3YS MOJYYEHHBIE PE3YIbTaThI.

Il. Uccneoosanue epapuxa gynxyuu no nepgoii npouz80OHOU:

1) HaiiTu pelieHust ypaBHEHUN y'(x) =0, y'(x) =® y y' HE CYILECTBYET,

2) TOUYKH, «MOJIO3PUTEIIBHBIC» HA AIKCTPEMYM, UCCIIEIOBATh C MIOMOIIBIO TOCTATOY-
HOT'O YCJIOBHS SKCTPEMYMa, ONPEICTUTh BU IKCTPEMYMA;

3) BBIUMCIUTD 3HAUCHUS (QYHKIIMHU B TOUYKAX IKCTPEMYMa;

4) HaliTU UHTEPBAJIbLI MOHOTOHHOCTH (DYHKIIUY;

5) HaHeCcTH Ha ACKH3 IrpaduKa IKCTPpEMaJIbHbIC TOUKU;

6) yrouHuTh BUJI rpaduka (GyHKIIUU COTJIACHO MOJTYUYCHHBIM pe3yJibTaTaM.

Ill. Accneoosanue epapuxa gynxyuu no 6mopou npou3B00HOU:

1) HaiiTu penieHus ypaBHEHUN y”(x )=0, y”(x )= y” HE CYILECTBYET,

2) TOYKH, «MOJIO3pUTEIbHBIC» Ha Teperud, UcciaeaoBaTh ¢ MOMOIIBIO JIOCTATOY-
HOTO YCJIOBUS;

3) BBIUMCIUTD 3HAUCHUS (PYHKIIMH B TOUKAX Neperuoda;

4) HaliTU MHTEPBAJIbI BBIMYKIOCTH U BOTHYTOCTH rpaduka QyHKIINU;

5) HaHeCTH Ha ACKHU3 TpaduKa TOUKH neperuda;

6) OKOHYATEIbHO MOCTPOUTH rpaduK PyHKIUU.

Ecnu uccnenoBanue mposeieHo 0e3 omubOK, TO pe3yJIbTaThl BCEX ITANOB JOJKHBI
COTJIACOBBIBAThCS APYT ¢ JIpyroM. Eciu ke corjacoBaHMe OTCYTCTBYET, HEOOXOIUMO
MIPOBEPUTH MPABUIBLHOCTh PE3yJIbTATOB OTACIBHBIX 3TAllOB U HCHPABUTh HAWJICHHBIC
OIITNOKM.

6. Yacmnoii npouzeo0Hoti IEPBOTO MOPsJIKa PYHKIIUN HECKOIBKHX NMEPEMEHHBIX

u= f(x,,2) no apryMeHTy X Ha3bIBaeTCs Ipeae

lim S(x+Ax,y,2)— f(x,p,2) Ax_f

= lim 4
Ax—>0 Ax A—>0 Ax
, du
(mpupanieHMe IOJydYaeT TOJBKO OAMH aprymeHT X ). OOos3mauenme: Ui = E

du

OTpICKaHME YACTHOW NMPOU3BOJHOU o CBOAMTCA K muddepeHurpoBaHUi0 (HYHKIIMH

OJIHOM NEPEMEHHOM u(x)= f(x,94-2), MOJIYYEHHON Npu (PUKCUPOBAHUM apTry-
MEHTOB YU Z: V=DYVps2=2%3,.

7. Cranspuoim nonem U = U(M) wmazwiBaetcs cxanspuas ¢ymxiums touxkn M



BMECTE C 00JIaCThIO €€ OIpeIeNICHNUS.
YpaBHeHUE

U(x,y,2)=C (unuU(x,y)=C) (5)

OTpeJIeNsieT CEMENUCTBO nogepxnocmet (WU JTUHUL) YPOBHS, HA KOTOPBIX CKAJPHOE
110JI€ MPUHUMAET OJHO M TO k¢ 3Hauenue C .

Cxansproe none U(M') xapaxrepusyercs epaduenmon

ouUl oU!T oU
I+ Jj+ k (6)

grad U =
Ox Oy 0z

1 1 1 1
U  HNPOU36OOHOU NO  HANPABLEHUIO I =11 +lyj +1 Kk, PaBHOW CKAJIIPHOMY

1 1
0
MIPOU3BEICHUIO grad U u equnnanoro sextopa [~ manpasnenus [ :
IIpumep 1. CocTaBuUTh ypaBHEHHE KacaTeJbHOW K HOpPMalud K KpPUBOH

y=+J1-4x 3 TOYKe, abcuucca KoTopor X, = -2,
Pemenne. Haiinem opauHaty TOuku KacaHusi: Vo = \/1 —4x, =3 . Vruosoii

ko3 (PUIMEeHT KacaTeabHOM paBeH 3HAYEHUI0O TPOU3BOJHONM B  Touke X :

k=y'(x0)=(M)'x0=— 4 ‘ -2

2,1-4x, RIS
X =—2
4 “
IloacraBngss  3HadyeHUd Xy, You Yo B YpPaBHEHHUS  KacarejabHOU

Y=Jy = f'(xo)(x—xo)nﬁopMam/I Yy=—JVo = —m(x_xo) , HOJTyqacMm:
0
2
y—=3= —g(x +2),2x+3y-5=0 (xacarensuan);

3
y-3= E(x'" 2),3x—=2y+12 =0 (yopmans).
[pumep 2. Mcnons3yst npaBuino JIomuTains, BEIYUCIATD Mpeaen QYHKINH:

3 2 x?
— — 12
ad ad 8x+ ; 2)lim € >

1) lim
=2 x% —5x* +8x—4 X0 x

Pemenue. 1) IToacTaHoBKa peAeNbHOrO 3HAUEHHS apryMenTa X = 2 TPUBOIUT K
neonpenenennocty Buga 0 /0. Packpoem ee ¢ momomisio npasuna Jlonurans (1):



x? —x2—8x+12
lim

x>2 x? —5x2+8x—4

(x - x’ —8x+12)

x—>2(x —5x*+8x— 4)
3x’-2x-8
2 3x? —10x+8

npasuna Jlonurans He

0

6 ), MOATOMY MIPUMEHUM €rO0 elle pas:

OJIHOKpaTHoe IMPUMCHCHUC NpUBOAUT K PACKPBITHUIO

HEOIPEIEICHHOCTH (I1O-NPEKHEMY IIOTydaeM

3x*-2x-8 (3x -2x-8) . 6x-2 12-2
lim = lim = 5.
x>23x2 -10x+8 x—>2(3x ~10x+8) *>26x-10 " 12-10

Takum o6pa3om, B pe3ylibTare ABYKPATHOTO MpUMEHEHHUs mpaBuiia Jlomurans
HAaxO0JIMM, YTO UCKOMBIN MpEJIEN PaBeH 5.

o0
2) YoenuBIIUCh, YTO MMEET MECTO HEOIPENEICHHOCTh BHUJA /

00’ MMPpUMCHUM

rpaswiio Jlonurans:

X
y=-——"——"3
[Tpumep 3. MccnenoBaTh Ha SKCTpeMyM (YHKIIHIO (x+1) 2
. X'(x+3)
Pemenne. Haxoaum mepByo npomssogayto: V = — (x+ 1)3 . 3 ypaBHenuu

’ ’
Yy =0 u y = pomyuaem Toukm, «momo3pHuTeNbHEIe» Ha dKkcTpemym: X; =0

x,==-3, x,=-1, Uccnenyem ux, ompenenss 3HaK NEPBOU MPOU3BOAHOM CJEBa U
cripaBa OT KaXJIOW TOYKH. J[JIg HArJISAHOCTH PE3YybTAThl MPEICTABUM B BUJE TaOJIMIIBI

’
U3MECHCHHS 3HaKa ) :

X (—0,-3) | =3 | (-3,-1) -1 (-1,0) 0 (0, + o0)
y' - 0 + 00 - 0 -
y yOBIB. min BO3p. HE orIp. yOBIB. 0 yOBIB.

B HCpBOﬁ CTPOKC YKa3daHbl MHTCPBAJIbI, HA KOTOPLIC 0071aCTh OIIPCACIICHUA (1)YHK-

MU pazbuBaercs Toukamu Xqs X, X3 U camu 3TH TOYKU. Bo BTOpO# CTpOKe yKazaHbl




3HAKH MPOU3BOJHOMN y' B UHTEpBAJIaX MOHOTOHHOCTU. B TpeTbell CTpOKe NPUBEACHO
3aKJIFOUEHUE O MOBENECHUU (QYHKIUH.

Hccnenyemas QyHKIMS, Kak cleqyeT M3 TaOJUIbl, UMEET MMUHUMYM B TOYKE
x==-3:9(-3)=27/4. Touxu Xx=—-1 u x=0 He sBIAOTCI TOUKAMH

OKCTPEMyMa, TdK KaK B HCpBOfI TOYKC Q)YHKI_II/IH HC OIIpcaciyicHa, a B OKPCCTHOCTHU

BTOpOﬁ TOYKH IICPBaAsd MPOU3BOAHAS COXPAHACT 3HAK.
3

X
[pumep 4. Haiitu acumnrotsl rpaduka dyaxuun V = ~ (x + 1)2 .
Pemenue. Touxka X =—1 spngerca Toukoii paspeiBa QyHkiuu. Tak Kak
3
li - X
m =+0 10 npssMas X = —1 cny’kut BepTHKaNbHOM acCHMITOTOM

¥>-120 (x +1)2
rpaduka pyakuuu [cM. hopmyssl (3)].
Wem Hak1oHHbIE acuMiToThl YV, = kX + b ucnonvsys dpopmyms (2):
3
= 1im 2% = lim X .,
x—>+°° X o (x+1) - x
b= llm (f(x) kx)=lim| ———+x |=2.
x| (x + 1)

TakuM 0Opa3oM, ypaBHEHHE HAKIOHHON aCUMIITOTHI HMeeT BUA V,e = —X + 2,

3
X

Ipumep 5. Hoctpouts rpadpux dymkmun Y = — (x+1) 2 , UCHOJB3Yysl OOUIYIO

CXEMY UCCJeI0BaHUS (PYHKIUU.

Pemenue. I. O6macts onpenenenus: (—0,—1), (—1,+0) . dynkuus e spnsercs
CUMMETPHUYHOHN U Tieproaudeckoil. Haxoaum mpenenbHble 3HaYeHUS (DYHKITHN:

— 3 — 3 — 3
llm——+00 llm—_—OO lim —_+00.
x—)—oo(x+1) x—)+oo(x+1) x—>-— 1+0(x.|.1)

I'paduk (QyHKIMM HMMEET OJHY BepTHKambHyIo acumnrory X =—1 u ommy
HAKJIOHHYIO acuMOToTy YV = —X + 2 (cm. npumep 4). OH mepeceKkaeT KOOPAUHATHEIE
ocu B Touke (0; 0).

I1. ®yHKuUs UMeeT OJMH MUHUMYM IIpu X = —3 (cM. mpumep 3).

—6x

1. Bropas mpomssoguas Y = (x+1)° oOparaercss B OECKOHEYHOCTh MPHU

X =—1 wu pasna nymo B Touke X =0, Koropas ABnAeTCA €AMHCTBEHHOH TOUYKOM
neperuda (cMm. TabnuIry):



X (=0, —1) -1 (-1,0) 0 (0, +0)
y o HE oIp. o roKa M
neperuda
YauteiBas MONydYeHHBIE  PEe3YNbTaTHI, CTpOUM rpapuxk  GyHKIHH
3
X

y= ‘m (puc. 9).

[Ipumep 6. HaiiTu mnepByr Mpou3BOJHYIO GYHKIUU Y = f(x), sagannoii
[IapaMEeTPUUYECKHU:

x =In(1-1¢),
y=(@-1)".
Pemenue. Juddepennupyem x(t) u y({) no napamerpy I :
1
x: = _1——1" y : = 2(1‘ - 1) . Uckomas npousBoaHast oT Y mo X paBHa OTHOLICHUIO

MPOU3BOJIHBIX OT Y() wor x(¢) no ¢:
yl=dy=y;= 2(1‘—1)
Y odex x! —1/(1-1)

t

=2(t-1)".

du du du
IIpumep 7. HaWtu yacTHele NOPOU3BOAHBIE A’ dy ’ dz byHKUMN

u=z\/x_3—yez,

Pemenue. Cuurtas ¢yHkuuio U QyHKIUEH TOJBKO OJHOM mepeMeHHol X, a
nepeMeHHsle V W I paccMmaTpuBas KakK MOCTOSHHBIE [cM. dopmyny (4)], Haxogum

du 3

= Ez VX | Ananoruyso, cuutas U dbyHKIMEH TONBKO ), a 3aTeM TOJbKO Z,

dx
du du 3
oJIyJaeM d_=_eza d_z= x* —ye’,
'y . \_/I A

t

0 . X Puc. 9
S y=-x+2

3




2 2 2
IIpumep 8. HaliTu MOBEpPXHOCTU YpOBHSI CKaJISIPHOTO MOJIS U=x"+y +z°,

BpluuciauTh NPOU3BOAHYIO MOJISI B TOUYKE A(-2v3;-1;1) 1o HaIpaBJICHUIO

%
sextopa AB | tne B (0;—4;53).
Pemenne. TToBEPXHOCTSIMU YPOBHS JaHHOIO IOJS SBJSIOTCA KOHIEHTPUYECKHUE

chepbl ¢ IEHTPOM B Haudajne KoopauHaT [cM. dopmyny (5)]: X P+ y2 +z7°=C,
1 1 1
I'panuenT Beruncisiercs o popmyie (6): gradl =2xi +2yj +2zk

%
Haipem ennHUYHBIN BEKTOP AB .

- r r r
AB  2J3i-3j+2k 237 31 2r
= = i ——j+—k,

V12 49+ 4 5 5 5

r
1’ =

AB

a 3atem 1o Qopmyie (7) mpousBoanyo ckansgproro nons U mo mampapienuto Bekropa

N
AB B touke A:

dU r 3 3 2
I =(gmdU,l°)=( x-—\/7+2 (——)+2z —J =-2,8
4 A
dU
Tak kak W < 0 , TO OAHHOC CKaJIsIPHOC IIO0JIC Y6BIBaCT B HAIIPpABJICHUU BCKTOpaA
AB

3AJIAYM JJI51 KOHTPOJIBHBIX 3AJIAHUM
KOHTPOJIBHAS PABOTA Ne 1

I. ITo xoopauHaTam BepiiuH nupamuabl A;A,A3A, naiitu: 1) anunsl pedep 4,4, u
AAz; 2) yron mexnay pebpamu A;A, m A;A3; 3) nnomans rpanu A;A;Az; 4) o0beM
MApaMUJIbl; 5) ypaBHEHUs TpSAMBbIX A;A> u A;Az; 6) ypaBHeHUs 1iockocted A;A,A; u
AA2A4; T) yron Mexay miockocTsMu A;A>As v AjAzA,.

L Ai(-1; 25 1), Aa(-2; 25 5), As(-3; 35 1), Au(-1; 4; 3).
2. Ai(-2; I -1), Aa(-35 15 3), As(-4; 2; -1), Aa(-2; 3; 1).
3. Ai(15 15 2), Ax(05 15 6), As(-1; 25 2), Aq(l; 3; 4).

4. Ai(-1;-2; 1), Ax(-25 -2; 5), As(-3, -1; 1), Ay(-1; 0; 3).
5.A1(2; -15 1), Ax(1; -15 5), (05 05 1), (25 1; 3).

6. Ai(-1; 15 -2), Ax(-2; 1; +2), A3(-3; 2; -2), A4(-1; 3,0).
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Выделение


7. Ar (152, 1), Ax(0; 2; 5), As(-1; 35 1), Aq(1; 4; 3).

8. Ai(-2; -1; 1), Ax(-3; -1; 5), As(-4; 0; 1), Ay(-2; 1; 3).
9. A1 (1; -1; 2), Ax(0; -1; 6), As(-1; 0; 2), Ay(1; 1; 4).
Ai(1;-2; 1), Ax(0; -2; 5), As(-1; -1; 1), A4(0; 0; 3).
A1 (0; 35 2), Ao(-1; 3; 6), As(-2; 4; 2), A4(0; 5; 4).
Ai(-15 2, 0), Ax(-2 2; 4), A3(-3; 3, 0), As(-1; 4; 2).
A1(2; 25 3), Ax(1; 2; 7), As(0; 3; 3), Au(2; 4, 5).
A1(0; -1; 2), Ax(-1; -1, 6), A3(-2; 0; 2), A4(0; 1; 4).
Ai(3; 05 2), Ax(2; 0; 6), As(1; 1; 2), Au(3; 2; 4).
A1(0; 2; -1), Ax(-1; 25 3), As(-2; 3, 7), As(0; 4; 1).
A1(2; 35 2), Ax(1; 3; 6), A3(0; 4; 2), Au(2; 5, 4).
Ai(-1; 05 2), Ax(-2; 05 6), A3(-3; 1; 2), Au(-1; 2; 4).
A1 (2; 05 3), Ax(1; 05 7), As(0; 1; 3), Au(2; 25 5).
19.A1(2; -1; 2), Ax(1; -1; 6), A3(0; 0; 2), Ay(2; 1;4).

10.
1.
12.
13.
14.
15.
16.
17.
18.
19.

1)

3)

5)

7)

9)

II. lana cucteMa Tpex JIMHEHHBIX YpaBHEHUH ¢ TpeMsi Heu3BecTHbIMU. TpelyeTcs:
1) naiitu ee pemenue ¢ nomoibio popmyn Kpamepa; 2) 3anucatb CUCTeMy B MaTpuy-
HOM (opMe M peluTh €€ CpeJCTBaMU MaTPUYHOro ucuuciaeHus. [Iposeputb npaBuiib-
HOCTb BBIYUCJIEHUSI 0OPAaTHOM MATPUIIbI, HCTIOJIb3Ysl MATPUYHOE YMHOKEHHUE.

(—x, +2x,+x,=5
2x,—-3x,+3x; =1
x,—5x;,=-9
(—3x,+x,+3x,=10
—2x,—Xx; =—4
| 2x,—x,+3x,=3
(2x, —x,—6x, =—15
3x,—x, +x;,=—2
| X +H3x, =7
(2x, —x, +x, =—1
-x,+3x;,=7
[ X, +X,+3x,=6
[ x,—3x,+x, =2

x, —2x, —4x, =-11

| —2x,-x,=1

2)

]

4)

6)

8)

[ —2x, —5x, =-12
-2x,—x,+3x;, =7
| X X, X, =4
—-Xx; +2x; =5
2x,+2x,+5x;, =10
[3x, —2x, +2x, =1
[ —x,+x,—x,=0
3x,—4x,+3x;, =-1
-2x, —3x, =-8
3x,—2x,=-5

X, —2x,+x;,=-1

\
-

10)

X, +3x,—x;=0
-x,+3x, =4
3x,—2x,+x, =-3

2x,+x,—x;,=-3



(4x, +7x,-3x,=-10
11)4 2x,+9x,—x, =8

| —x; +6x,—-3x,=3
(2x, +4x,-3x,=-10
J —x, +5x,-2x, =5
3x,—2x,+4x,=3

13)
\
(—3x, +5x, —6x, =5
15) 3 2x,-3x,+5x,=8

x, +4x,—x; =1

[ x, +3x,-2x,=-5

17) x, +9x, —4x;, =-1

[—2x,+6x,—-3x,=6
(—2x,+x,-3x,=—4

19) d4x,+7x,—2x,=—6

| X, —8x,+5x;, =1

12)

14)

16)

18)

20)

[ x,—5x,+3x,=-1

{4 2x,+4x,+x,=6
(—3x, +3x,-7x, =-13
(—2x, +5x,—6x, =—8
I x,+7x,-5x,=4
| 4x, +2x, —x; =—12
(3x, - 9x,+8x, =5
12x, —5x, +5x, =4
[ 2x,—x, +x; =—4
(2x, +3x, +x, =4
J4x, —x, +5x,=6
(X, —2x, +4x;, =9
x, +7x,—2x,=3
3 3x,+5x,+x,=5
|—2x, +5x,-5x, =—4

III. Hai'Tu MHOKECTBO PEIIEHUN OJTHOPOJIHON CUCTEMBI TPEX JIMHENHBIX YPaBHE-

HUM C YCThIPbMA HCU3BCCTHBIMMU.

(3x,—5x,—x,—2x,=0

18x, —6x, +3x,-Tx, =0
(2x, +4x, +5x;, -3x,=0

1)

(3x,+x,-3x,—-10x, =0
d4x, +5x,—7x, —20x, =0

2x,-3x,+x,=0

3)

[ x,+x,-3x,-6x,=0
17x,—3x,—7x,—18x,=0

| 4x, —x, —5x; —12x, =0

5)

2)

4)

6)

]

]

(3x, +2x,—x,-9x,=0
5x,-3x,+4x;,-3x,=0
| X, +7x,—6x;—15x,=0
[ x, +3x,
7x,+3x, +2x,—15x, =0
| Sx;,—3x,+4x;,-3x,=0

—x;—6x,=0

[ x, +3x,+4x,—x,=0

S5x,—-7x,-2x;-5x,=0

| 3x;, —2x,+x;—3x,=0
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7)

9)

11)

13)

15)

17)

19)

1)

A

(— X, +2x, —2x,

(x, +4x,—3x,-9x,=0

3x,—7x,—10x, =0

[2x, +5x, +x;, —8x, =0

x, +3x;,+x, =0
3x,—2x,+8x;+4x, =0
-2x,=0

[ 3x,-8x,—-7x,—x,=0

| X, +6x,-3x;+5x,=0
[ x, +8x,-6x,—2x,=0
-2x,—-3x,+x;,—x,=0
|—3x, —2x, —4x;,-4x,=0
(—3x, —9x, +25x,+x,=0
2x, +4x,+2x;-3x, =0
X, =X, +9x;,—5x,=0
[ —x,—3x,+x,—-8x,=0
2x,—4x,+5x; -12x, =0
| 4x, +2x,+3x;, +2x,=0
[ 2x,—4x,—x,+x,=0

x,—7x,—6x,—3x,=0

—3x,+x,—4x; -5x,=0

-x;+7x,—5x;—-1,5x, =0

8)

10)

A

12)

A

14)

16)

18)

20) 4

2x,—2x,+3x;+x, =0

S5x,—-2x,+4x;—4x, =0

x, +2x,—-2x,—6x,=0
[ 2x,-2x,+x,-x,=0
2x;, —3x, +5x; +4x, =0
—2x; +x,+3x;+6x,=0
(3x, —x, +4x,+2x,=0
-x,—2x,—-7x;—x,=0
[3x, —4x, —x;+3x, =0
(3x,+x,+x,-3x,=0
x, +3x,—2x,+2x,=0
15x, +7x, —3x;+x,=0
[ 3x,—x,+2x,+x,=0
—4x,+5x, -3x,—x, =0
| 2x; +3x,+x;,+3x,=0
(2x, +x,—4x,+2x,=0
4x, —9x, +2x; +4x, =0
=X, +5x, —-3x;—x, =0
(x, +4x,—7x,—3x,=0

-x,—2x,+3x;—x, =0

=X, —3x,+5x;+x,=0

IV. Onpenenuth cOOCTBEHHbIE 3HAYEHUSI U COOCTBEHHBIE BEKTOPHI MATPHUILIbI
TPETHETO MOPSAIKA.

2 8 5
-4 1 3
8§ -2 -6

1 4 3
-8 2 -5
-2 -8 -6



-5
3

-8
1

(2

4
-8 -2 -6

8
—4
2

~4 3
2
8

(-6 -2

1
8

3
T

(1

5
-6

8
\—2

-2

(-6 8

4)

2
—4

4

5

-3
5

(1

6)

-8 2

8)

-8
-2
1

1

3
—4
~2

~4 3
1

-5
—6
(-3 -2 -1

3

(2

-8
\ 4

1
-1

(-2

~2
&

1
3

(-1

1

-2

-2 -3 1
(3 -1
-2

4

1
-1

(-3

3

4
-2 -1 -3

(-1

3
-2

4
-3

1
-1 -2 -3

10)

3)

S)

12)

14)

-1

16)

-1
-1

-3
3

3
-3
-2

-2

4
-2
-3

(-1

18)

-1

1

3
-2
-2

1
-1
1

(-4

20)

3
1

17)

19)



KOHTPOJIbHAA PABOTA Ne 2

I. TlpuBectn ypaBHeHHMe KpuBoii BTOporo mopamka [f(x,y)=0 «x

KAHOHIYECKOMY BUY M HAWTH Toukm mepecedenus ee ¢ npamoit AX + By+C =0
[TocTpouTs rpaduKu KPUBOM U TPSIMOM.

2x*—4x-y+3=0, 2x—-y—-1=0
x=2y"+4y-3=0, x-2y+1=0

—_—

x'=2x—-y+2=0, x—-y=0
Xx—=p +2y-2=0, x+y-2=0
X' =2x4+y+2=0, x—-y-2=0

2x +8x+y+7=0, 2x+y+3=0
x+2y'—4y+4=0, x-2y+4=0
X' +4x+y+3=0, x—-y+3=0

10. X+2y* +4y+1=0, x+2y+1=0
11. x*=2x+y-3=0, 3x—-y-2=0
12. p'+x—-4y+6=0, 3x+10=0

13. 2x* +y" —12x+10=0, x+y-2=0
14. X’ +2x+y-2=0, 2x—-y+4=0
15. 2x> +4x+y*-2=0, 2x+y+2=0
16. x*+2y" —12y+10=0, x+y-3=0
17. x*+ ' —=6x+5=0, 2x+y—-6=0
18. '+ x+4y+3=0, x+2y+2=0
19. x’+2y* +8y+4=0, 5y+4=0
20. x’+y*—4y+3=0, 3x+y-3=0

2
3
4
5
6. X+ —=2y+3=0, x+y+1=0
7
8
9

II. Tpebyerca: 1) mocTpouTh 1o ToukaM Tpapuk ¢ymkmuu P = Pp(Q) B

TOJIAPHOIL CHCTEMe KOOPIMHAT. 3HaueHHne QYHKIHMH BBIYHCISTh B Toukax @, = Tk /8 ;
2) HallTU ypaBHEHUE KPUBOW B MPSIMOYTOJBHON CHUCTEME KOOpPJMHAT, HAYalo KOTOPOU

COBMENIEHO C MOIIOCOM, a II0J0oXKHTenbHas nonyock OX - ¢ momspHoi ocblo; 3)
OTPENIeNIUTh BU KPUBOM.



1. p=06cos(¢)

3. p=2cos()

5. p =—4cos(p)
7. p =4cos(@)

9. p =4sin(@)

11. p* =2cos(2¢)

13. p* = 4cos(2¢)
15. p* = 6¢cos(2¢)
17. p* =-2sin(29)
19. p* = —4sin(2¢)

p =—2sin(¢)
p =—4sin(¢)
p =—2cos(p)
p = —6sin(p)
. p =2sin(p)

. p’ =2sin(20)
. p’ =4sin(2¢)
p’ =-2cos(2¢)
p’ =—4cos(2¢)
. p’ =6sin(20)

[I1. Beryucnuts npeaensl GyHKIUH, HE MOJIB3YACH cpeAcTBaMu IudepeHiraib-

HOT'O UCUYHUCJICHUA.

lim 3x?-5x .
.1 —5x2+x-1
X — ©
o 2
lim In(1 +2s1n x);
3) e’ —1
x—>0
i —2x*+7x+2
2.1) m x*-5x ’
X —
lim arcsin(4 — x) :
3) In(x —3)
x—>4
lim —4x? - x .
3.1 3x2+7x-1"
X —

) In(x +4)
2) fim ctg(x + 2);
X —> -2 &

5
lim (3+2x)*7;

4)
x—> -1
) 2x -1
lim ;
2) In(0,5 - x)
x—>05-0
1
gy lim 1+ 3x2)7,
x>0
: 3"
%) lim —;

x — oo 1—cos —
X



3) lim T ;
x—> -1
lim 2x? —2x+5.
D —5x+3x
X —> ©
) In(1—-sin’ 3x)
3) lim e
x>0
lim —x' - x :
1) 2x2+3x+2°
X — ©
2
lim 1g°(mr—3x)

3) ) ©
x_)% (3x 71')

9

. —3x +5x+2
lim > :
-1 X" +4x
X — ©
lim g—z.
3) x—-1 "~
x—>1
. —3x*+5x
| lim > :
) X" +4x+3
X —> ©
eSx_l .
3) ln(1—3x)’

2
lim (5-x) *4;

4)
x—>4
2
lim In(1-x7) :
2) sin(3x —1)
x—>1-0
4
4 lim (7+2x)*3;
x—> -3
lim e :
2) x}=5x+6"
x—>3
_ 3
4 lim (2x-3) 42

xX—2

2x+1
lim ;
2) 1
x>0 In| 1+ —
X

3

lim (2x—3) 42
X2

4)

sin —
lim X .
2) 3x1+4’
X — ©

6
lim (9+2x) **;

x—>—4

4)
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T )
. S5x?+6x—1 18 2 —aXx
lim : .

8. 1) —2x2+3x "’ 2) lim
X —> 00 o0 sin Sx
1-1tgx __2
lim & . o lim o (=3-2x) 2
) T/ sin E—x : 2
x>/ sinl ™ x> -
~7x* +4x ctg(x—3)
li ; li — 7
9.1 ™ 3x?—x+2’ 2 2" ’
X > ®© x—>3
2x+4 _ 3
lim ; lim (2-x) *1;
3) arcsin (x + 2)’ 4) ( ) ’
x— -2 x—>1
lim 6x2—3x—1. lim x2+4x—3.
10. 1) —4x +2x 2) g(x+1)
X — © x—> -1
1
3) lim l_czﬂ; 4) lim (4 - x)%2~;
e’ -1
x—0 x—>3
lim cos(x—3)+2x lim x:—4 .
11.1) x+3 ’ 2) 3x*—3x+2’
x> -3 X — ®©
6x>+5x+1 —
l. : l’ 5_ x—4 .
3) im I —x 1’ 4) im (5—x)**%;
x—>05 x—>4
lim xX—-2, lim 5x2—3x+1.
12. 1) tamx 2) 2x?—2x+7’

x—1 X —> ©



i
3) m 2x—x—-6"
X >
i lnx.
3.y M
x>0
lim 2x2+3x+1.
3) 6x>+x—-1"
x> -0,5
] 3x’-5
lim ——;
14. 1) 1
x—)wln(1+)
X
lim 2x° —5x+2
3) xI-x=-2"
x—2

15. 1)

A

lim sin x-(7gx + x);

3x2+4x+1.

3) lim

1
lim (2+x)*;
x—>0

16. 1)

3x?-5x-2"
x—)—%

3x2+7x+2.

lim

3) 3x2-2x-1
x—)—%

4
lim (7+2x) **3;

4)
x—> -3
lim 2x2—x—4.
2) 4x*+3x+2°
X — ©
_ 1
4 lim (1-sin’2x) '-eos4x
x—>0
lim 4x3+3x2—2.
2) x*-x-6
X — ©
1
4 lim (1-sin3x)!-cs2~;
x>0
lim 8x*+11
2) 7x3=5x +x’
X — ©
1
g lim (10 —3x)°C;
x—>3
lim 4x° -2x* +x
2) 3x*+5x-10"
X —> ©
1
4 lim (5+2x)*?;

x—> -2

9



lim Lz_l- lim x2+3x_8 .
17.1) arcigx y M g
X —> ®© X > ©
2xt+x—1 4
l. : l’  y3)yx-2.
» 6x>—x-1" 4 m (O —x7)"
x—> 0,5 x—2
lim m- lim 2x2_5x+8 .
18. 1) ctgx 2) 3x +6x-15"
X0 X > ©
1
? . 2\2(1-x) ,
;) lim 2x2+7x+26; y lIm (3-2x1)%;
x'+x—
x— -2 x—>1
im <1, s 14X +9x+17
191 In(x +2)’ 2) U +10x -2
3x1—Tx+2 -1
li — . li 9+2 2(x+4) ,
D O 3 lix—4 g Mmoo O+2070
x—>1/3 Yo —4
lim (4- x)“*l")z- lim X F9X +2x
20-1 , 2) 3x’—8x+4
x — —1 X ©
6x*—5x+1 3
l. . l’ 4 3 x+1.
» 2x*=3x+1’ 4 M (4+3x)™7
x— 0,5 x—> -1

IV. ®ynkmus  f(X) npencraBnser co6oif cyMMy TpexX OIHOWICHOB. YKa3aTh

Cpe/ld HUX OJIHOYJICH, SKBUBAJICHTHBIN Beell cymme: a) ipu X —> 0; 6) npu x —> 0 .
I f(x)=5x"-3x+3x 7 f(x)=—3x2+x—4\/;
3. f(x)=x—5x+4Yx? 4 f(x)=-2x>+4x-34x°
5. f(x) = —4x—2x+43x* 6. f(x)=4dx>+Tx—2%x



7. f(x) = =6x" ~2x+ 3 8 f(x)=x* —4x -

9. f(x)=-5x>-3x+4x 10. £(x)=3x2+6x—2Yx°
11. f(x)=3x"+7sin2x 12. f(x)=5x"+1-cos x

13. f(x)=x*—-2sin’ x 14. f(x)=3x"—2cos x+2
15. f(x)=x*+4sin’3x 16. f(x)=2x°—-1+cos(x?)
17. f(x)=3x’—sinx 18. f(x)=x"+3-3cos2x
19. f(x)=2x*—sin’ x 20. f(x)=6x>++/1-cos2x

V. Uccnenosats ¢yaxkumo Y = f(X) nHa HempepbBHOCTH: HAfiTH TOUKH
paspeiBa (QYHKIMKM M OMNpeaenuTh uX Tum. llocTpouTh cxeMaTtuyeckuid rpaduk
byHKUIUN.

_|x+5 5 _x—5+5
1'y_x+5 x 2V T
_x+4_i _x_4+i
MYE e T & VTN T
_x+3 3 N ik
5. x+3 x R
_x+2 2 N ik I
7Y x+2 x RGE R
_x+1‘ 1 _‘x—1‘+1
VTR % 07 Ty
( ‘x+2‘ ( ‘x+3‘

, X< -2, , X < -3,
x+2 x+3

y=m/4—x2,—2£xs2, y=<'v9—x2,—3SXS3a
11. 1 12. 1

_, x>2 e x>3

x—2 x-3
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13.

15.

y=1

Y=
y =3
Y=

X

)
X

1-x*,0<x<1,

x<0,

9-x*,0<x<3,
1

3’ x>3
x—

, X< -3,
x+3

—9-x2,-3<x<3,

x -3
1 x>3
x—3

VI. A. Haiitu anreGpanyeckyro

2=2,+2,. H3o0pa3urp uucia

Bbraucauts 2 1o dbopmyne Myaspa.

14.

U TPpUTOHOMCTPUYCCKYIO (1)0pr1
Zl ) Zz nu

Y =9
y =3
y =1
y =3

2)x]
——,x<0,
X

4-x*,0<x<2,

%, x> 2

, X< -2,

—V4-x?,-2<x<2,

x—2

x—2

qucliia

{ Ha KOMIUICKCHON IJIOCKOCTH.

Hom Hom
33(1)13251 % 33(1)1;51 4 4
4 5 5
1. -2 2(cos 4—77"+ isin —”) 2. | =2i 2(cos —”+ isin —”)
3 3 6 6
11 11
3. -2 2(cos £+ isin E) 4. | =2i | 2(cos —”+ isin —”)
3 3 12 12




5. 2 2(cos 4—77"+ Isin 4—77") 6. | —2i 2(cos £+ isin 1)
3 3 6 6

7. 2 2(cos 5—77"+ isin 5—77") 8. 2i 2(cos 7—”+ isin 7—”)
3 3 6 6

9. 2 2(cos 27 + i sin 2—77") 10. -2 2(cos S + i sin 5—77")
3 3 6 6

B. pemnts ypasuenue @Z° + bz’ +cz+d =0 u uzoGpazurs ero KopHu

319 %25 &3 Ha KOMIUIEKCHOU IJIOCKOCTH.
IIpoBeputs, yTo

b c d
Z1 + Zz + Z3 =, lez + ZIZ3 + Z2Z3 =y Z1Z2Z3 = -
a a a

Howmep q b . d Howmep q b . d
3aJaun 3aJ1aun
11 9 15 11 5 12 9 -21 17 -5
13 4 -12 13 -5 14 2 4 3 1
15 9 21 17 5 16 4 9 -5
17 4 12 13 5 18 9 -15 11 -5
19 2 -4 3 -1 30 4 9 5
KOHTPOJIbHAS PABOTA Ne 3

I. Halitn mpousBoaHyr0 (GYHKIIMU OAHOW NEPEMEHHOW, MCXOMAS U3 OIpejecHuUs
IIPOU3BOJHOMN.

B 5 3
L V= 3x—4 2. y_5x+4
B 4 5
3. V= 3x-5 4. y_4x+3
B 3 5
5. V= 4x -5 6. y_3x+4
3 4
7. Y=~ y=

5x—4 8 F T 3¢ +5




9 y=_4x—3
11. y=+2x-3
13. y=+4-3x
15. y=~/3x-7
17. y=+43—-2x
19. y=~1+2x

II. Haiitn npou3BoHbIE IEPBOTO MOPSAKA JAHHBIX (DYHKIIMMI, UCIIONB3Ys MpaBUiia

BBIYUCIJICHUA ITPOU3BOJIHBIX.

1.1) y=3x" —sinx

B Inx
3) Y 4—3cos x

2.1) y=4x'+e*
Ux

ctgx

3.) y=3/x-Inx

3y Y=

4.1) y=5x*—arcsin x

_Ax

HIY="3
5.H)y= 44/x + arcg x

_1gx

3) ¥ In x

6.1) y= 5%—7arcctgx

3x°
HV=—2
e

3
0. Y= %
12. y=+1-2x
14. y=+43x+4
16. y=+2x+3
18. y=+2x-9
20. y=+5-3x

2) y=+/x-1gx
{x = arcsin 2¢
1
4) =
Y=1"4r

2) y=sinx-Inx

x=0-¢%)
4) {y = cos(z—1)’
2) y =e" arcsin x
x=(t-1)°
4){y=snut—1r
2)y=i/?lnx
x=tgt
4){y=t2—5
) y=x’e"
x=T7+t
K {y=ctg3t2
2y y=cosx-(3x-1)
{x:ln(l—t")
4)

y = arccos t’
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7.1) ¥y =10x> + 2 ¢cos x

Inx

V="
arcsin x

8. 1) y=63x*—Ttg x

e
V= arcsin x
10. 1) ¥y = 7x° + 2 arccos x
_ Sinx
DR Y
7
1n.nyJy= e
arctg™>
3y y=e
4

R2.H)Y= 7
) 34/

3) y=cos In(1-x?)

5
3. Y= =
Jy=cge”
3

14.1) V= Y

2) y=sinx-{x

3
X = 5
4) 1+1¢
y =arctgt

2) y=e" -arccos x

x =arctg(1+1t%)
4)

y=4/t?+2t+2

2) y=Inx-arctg x

x =sin’ (1 —4¢)
) y =cos’(1—4t)

)y y=e’-ctgx

x=3e"’
V1y=@+ey

a4 X
z)y—SIH Z
x =arctg t’
4) {y:ln(1+t4)
my=af3£
5
X =arcost
“{y=JajFF
2)y=c0s34—x
3

x =In(5-2¢)
) y = arctg (5 —2t)

N ud
2) y=cg”



x=te"
3) y = arcsin /4 —5x 4) {

y=Q1-41)
15.1) V= & 2)y=1n5£
' 33 x* S
x =ctg(1-2t)
3) y=earcsin(2x—4) 5 y= : 1
cos (1-21)
6.1 ¥ =— = aresin* 2%
1) 7§/x_7 2) ¥ = arcsin 3
« 3
3) y =In(x —cos 3x) 4) {x=s1n3(t—4)
y=cos (t—4)
17 1)y=L 2 y=ar000845—x
| 54/x° ) 3
3) y=sinIn(x® +1) 4) { x=tee™
y=(5t-1)
18. 1) V= 6 = arcct, 52_x
: 5§/x_5 2) Y 4 5
3y gt | {x = cos’ (21 + 6)
y =sin’ (2t +6)
_ 7 ;s 4x
19.1) V= I 2) Yy =arctg 3
1
3) y=In(2-cos” x) 4) ol sin’(2 — 1)
y=1g(2-1)
20.1) V= 455x4 2y = sin"%
2,\3
3) y =In(3x* —tg2x) 4 {x B V(l'_’ )
y = arcsin ¢

IlI. CoctaBuTh ypaBHEHHsI KacaTeIbHOW W HOpMadu K rpaduKy KpUBOH

y = f(X) BTouxe, aGcrmcca KOTOpOU paBHa X .



10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

y=3#;}4x+2
y=3V;?—8x—1
y=3/x? +6x+3
y=3#;l4x—2
y=3V;;+&»+1
y=3%;;2x+2
y=3V;;+&v—1
y=3¥;lﬁx—3

y=3x? +2x+2

y=3V;;—6x—1

4-—x*
O
y=+4-2x"
y= 6—x’
3
4-x*
Y=\
y=-v4-2x"
6—x’
S e
y= 4-—x*
2
p=va—2x
6—x’
S e
y=—/4-2x"

IV. Beruucaute npenen GyHKIUU ¢ TOMOIIbIO npaBuiia Jlonurans.



o Y1-6x —1+2x . Ze%—l—x
2 9

L li ~ 5 lim e ;
x>0 x—>0
) 6sin2x —12x ) V1+4x —1-2x
3 lim 3 ; 4 lim 5 ;
: X : X
x>0 x>0
. lim 3tg2x3— 6x : ] lim In(1- 3,::) + 3x :
: X : X
x—>0 x>0
. e —1+5x . arcsin 4x —4x
7 lim e ; g lim e ;
x—>0 x—>0
I 2s5in3x—-6x I 2In(1+0,5x)—x _
9. 1M ERE 10. ™ o ’
x—>0 x—>0
I x—1 I vVd+x -2
i M 2. M ’
x—>1 x—>0
2
. lim arctg(x+2); y lim .(,\2: 3) :
: (x+2) : sin“(x—3)
x —> -2 x—>3
lim x+1 . lim ﬁ
15. =742 6. sin2x
x—> -1 x>0
) X —sin x i In x
17 Iim —; 13 lim - ;
: X —tgx : In sin x
x>0 x>0
lim cos(7m x/2); lim x—2

19. x+1 20. m—l,

x - -1 xX—>2



V. Tloctpouts rpadux ¢yakmmn Y = f(X), wucmomesys obmyio cxemy
UCCIeI0BaHMs (PYyHKIUU.

L y=x"+6x"+9x+4 2. y=x"+3x"-9x +5

3. y=x"+6x*—15x+8 4. y=x"—-3x*—-24x-28

5. y=x"+12x* +45x+50 6. y=x"—6x>+9x—4

7. y=x"-3x*-9x-5 8. p=x"—6x"—-15x-8

9. y=x>+3x*-24x+28 10, p=x"—12x* +45x - 50
2x’ +4x+3 -x*+5x-6

1. y= x*+x+1 12.¥= x'=3x+3
3x*+x+2 2x’—4x+3

13. V= x*+x+1 4. V= x*=3x+3
x*+5x+3 —x*+7x+9

15. V= x'+x+1 te. ¥= x'=3x+3
xP+3x+2 —-x’—x+3

17. V= xP+x+1 18. V= x*=3x+3
-x*+3x+1 2x’—8x+9

19. V= x*+x+1 20. V= x’=3x+3

32—05 "
VI. A, HaliTu TrpaguveHT CKaJIsIpHOTrO  MOJs f(r)= o F . rne

2 2 2
r= \/ X +y +2Z . BpuMCIHNTH NOPOM3BOAHYIO OTOr0 IOJAS B TOYKE A IO

—_—

HanpasieHuo Bektopa AB

l.a=—-6; A(-1;2;-2), B(2;6;—-2)
2.aa=6; A(-2;2;—-1), B(-2;6;2)
3.a=-5 A(2;2;1), B(6;2;-2)

4. a=5 A;2;2), B(-2;6;2)
5..a=—-4; A2;-2;1), B(2;-6;-2)
6.a=4; A(-1;2;2), B(2;2;6)

7.0 ==3; A(-1;-252), B(2;-6;2)
. a=3; A(-2;1;2), B(-2;-2;6)


Kansas
Выделение


9. a4 =-2;
10. a = 2;

A5 =25 -2), B(=2;-2;-6)
A5 =25 2), B(-25-6; 2)

VI. B. Jlaro ckanspHoe none ¥ = U(X,y) . Tpebyercs: 1) cOCTaBUTH ypaBHEHHE
muanu ypoBH U = C u nocTpouTh ee rpauk; 2) BHIYUCIUTH C HOMOIIBIO IPaJUEHTa

MIPOU3BOJHYIO CKAISIPHOTO I0JIst U = u(x,y) B rtouke A mno HaIlpaBJICHUIO BEKTOpa

_

AB ; 3) HaiiTn HaubGOIBIIYIO CKOPOCTh U3MEHEHUS CKAISPHOTO 10JIs B Touke A

Howmep _ Koopannatsr Koopaunatsr
3a1a4n u=u(x, ) ¢ TOYKH A Touku B
11 | xX*+y  +4x+2y -4 (_2+£;_1) (_2+£;0)
2 2 2
12 x2+y2+2x—2y 2 (—l;l—ﬁ) (0;1—£)
2 2 2
13 x2+y2+2x—4y -1 (—l—ﬁ;é) (—l—ﬁ;ﬂ)
2 2 2
14 x'+y'—2x-2y 7 (1;1—§) (0;1—@)
15 | x*’+y"+2x+4y 4 (_1+£;_3) (_1+£;0)
2 2 2
16 x4+ yP—2x+2y 2 (1,5;—1—?) (0;—1—?)
17 x*+y'—2x—-4y -1 (l—ﬁ;é) (l—ﬁ;())
2 2 2
R B T N I IS e 031-)
2 2 2
19 x2+y2—2x+4y 4 (1+£;_§) (1+£;0)
2 2 2
20 | x"+y+x+2y 7 (_%;-1+§) (0;—1+§)




I[MTPUJIOXEHUMA

1IPUJIO)KEHUE 1
Tabnuia Tporu3BOIHBIX
OCHOBHBIX 3JIEMEHTAPHBIX ()YHKIIHMA
1. (x") =nx"". 2. (sin x)’ = cos x.
r __ .
3. (cos x)" = —sin x. 4. (tgx)' = —.
oS~ X
, 1 . 1
5. (ctgx) = ————. 6. (arcsin x)’ =
. 2
sin” x 1-x
: 1 1
7. (arccos x)' = T 8. (arctgx)' = -
v1—-x 1+x
’ 1 X\’ X
9. (arcctgx )’ = — > 10. (a’) =a Ina.
1+x
X\’ X ’ 1
11. (e’) =e". 12. (log, x) = .
xIna
1
13. (Inx)' =—.
X

OcHoBHbIe npaBuiia AU depeHunpoBaHus

’ ’ ’ ’ ’ ’ ’ u u'v—uv'

a)(C)=0; o)(uxtv)'=u"zxtvy; 6)(uv) =uv+uv; 2)|—| =—
vy

Bnece C = const, u u v - mubdepentmpyembie GyHKIHN.

IIPUJIO’KEHHUE 2

Tabnuua npocTelmX UHTETPaJIOB

n+l1

+C(nz-1)| 2 jd—x=ln‘x‘+C

X
1. J‘x"dx =
X

n+1




X

3, J'axdx=“_+c 4. j'exdx=e"+C

Ina
5. J'cosxdx=sinx+C 6. J'sinxdx=—c0sx+C
7. J' df =g x+C 8. J' df =—ctg x+C

Ccos” x sin” x

dx . X 1
0. J'—= arcsin —+C 10. J'd—x =_arctg £+C
2 2 2 2
ANa“ —x a X +a a a

a+x|+

d—x=1
a—x| €l J'\/22+a2
+

dx 1 n‘x+\/x2+a
J.az 2 T In

1. -x"  2a

1IPUJIOKEHHE 3
Paznoxenue B psaag Maxkiiopena
HEKOTOPBIX PYHKIIHIA
x? X’ x"
e =1l+x+—+—+..+—+..; —00<Xx<+00;
13 n!
. 2 X ) 2
Slnx=x__+__.oo+(_1) —+.oo; _w<x<+w;
3 8! (2n+1)!
2 4 2n
X X X
cosx=1__+__..o+(_1)n +.oo; _w<x<+w;
20 4! (2n)!
m(m—1 m(m—1)..(m—-n+1)x*"
1+ x)" =1+mx+(—)x2+...+ ( )---( ) " s
2! n!
—-1<x<1;
1 2 n
" =l+x+x +..+x" "+ —1<x<l1;
- X

2 3 n
In(l+x)=x-"> 4+ —+D"" s, —1<x<1.
2 3 n




IIPUJIO’KEHUE 4

6 i Q(x) = 2 e
Tabnuia 3HaueHu HyHKITAH \/E
0 I 2 3 4 5 6 7 8 9
0.0 | 03980 | 3989| 13989| 3988 | 3986| 3984| 3982| 3980| 3977| 3973
0.1 | 3970| 3965| 3961| 3956| 3951| 3945 3939| 3932| 3925| 3918
02 | 3910| 3902 3894| 3885| 3876| 3867| 3857| 3847| 3836| 3825
03 | 3814| 3802 3790| 3778| 3765| 3752| 3739| 3726| 3712| 3697
04 | 3683| 3668| 3652| 3637| 3621| 3605| 3589| 3572| 3555| 3538
0,5 | 3521| 3503 3485| 3467| 3448 | 3429| 3410| 3391| 3372| 3352
0.6 | 3332| 3312 3202| 3271| 3251| 3230| 3200| 3187| 3166| 3144
07 | 3123| 3101 3079| 3056| 3034| 3011| 2989| 2966| 2943| 2920
0.8 | 2897| 2874 2850| 2827| 2803 | 2780| 2756| 2732| 2705| 2685
00 | 2661| 2637 2613| 2580| 2565| 2541| 2516| 2492| 2568| 2444
1,0 0,2420 2396 2371 2347 2323 2299 2275 2251 2227 2203
L1 | 2179] 2155| 2131 2107 2083| 2059 | 2036| 2012 1989| 1965
12 | 1942] 1919| 1895| 1872 1849| 1826| 1804| 1781 1758| 1736
13 | 1714] 1691| 1669| 1647| 1626| 1604| 1582| 1561| 1539| 1518
1.4 1497 1476 1456 1435 1415 1394 1374 1354 1334 1315
1,5 1295 1276 1257 1238 1219 1200 1182 1163 1145 1127
1,6 | 1109] 1092| 1074| 1057 1040| 1023| 1006| 0989 | 0973| 0957
1,7 | 0940| 0925| 0909| 0893 0878| 0863| o0848| 0833 | 0818| 0804
18 | 0790| 0775| 0761| 0748 0734| 0721| 0707| 0694| 0681| 0669
1,9 | 0656| o0644| 0632| 0620 0608| 0596| 0584| 0573 0562| 0551
20 | 00540| 0529| 0519| 0508| 0498 | 0488 | 0478| 0468| 0459 | 0449
2.1 | o0440| 0431| 0422| 0413| o0404| 0396| 0387 0379| 0371] 0363
22 | 0355| 0347| 0339| 0332] 0325| 0317| 0310 0303| 0297| 0290
23 | 0283| 0277| 0270| o0264| 0258| 0252| 0246| 0241| 0235| 0229
24 | 024| 0219] 0213 0208| 0203| 0198| 0194 0189| o0184| 0180
25 | 0175| 0171| o167| o0163| 0158| 0154| 0151 0147| 0143 | 0139
26 | 0136| 0132] 0129 o0126| o0122] o0119| o116 o0113| o110| 0107
2.7 | 0104| o0101| 0099| 0096| 0093| 0091| 0088| 0086| 0084| 0081
28 | 0079| 0077| 0075| 0073| 0071| 0069| 0067| 0065| 0063| 0061
29 | 0060| 0058| 0056| 0055| 0053| 0051| 0050 0048| 0047| 0046
3.0 | 00044| 0043 0042| 0040| 0039| 0038| 0037| 0036| 0035| 0034
30 | 0033] 0032 0031| 0030| 0029| 0028| 0027| 0026| 0025| 0025
32 | 0024| 0023 0022| o0022| 0021| 0020| 0020 o0019| o0018| 0018
33 | 0017| 0017 o0016| 0016| 0015| 0015| 0014| 0014| 0013| 0013
34 | o0012| o0012| o0012| o0011| o0011| 0010| 0010| 0010| 0009| 0009
35 | 0009| 0008| 0008| 0008| 0008| 0007| 0007| 0007| 0007| 0006
3.6 | 0006| 0006| 0006| 0005| 0005| 0005| 0005| 0005| 0005| 0004




3,7 0004 0004 0004 0004 0004 0004 0003 0003 0003 0003

3,8 0003 0003 0003 0003 0003 0002 0002 0002 0002 0002

3,9 0002 0002 0002 0002 0002 0002 0002 0002 0002 0001

IIPUJIOJKEHUE 5
1 ¢ _.-
. (x) — —J' e—x /Zdz
Ta6nuna 3uauenuii pynxrun P I /

X D(x) X D(x) X D(x) X D(x)
0,00 0,0000 0,24 0,0948 0,48 0,1844 0,72 0,2642
0,01 0,0040 0,25 0,0987 0,49 0,1879 0,73 0,2673
0,02 0,0080 0,26 0,1026 0,50 0,1915 0,74 0,2703
0,03 0,0120 0,27 0,1064 0,51 0,1950 0,75 0,2734
0,04 0,0160 0,28 0,1103 0,52 0,1985 0,76 0,2764
0,05 0,0199 0,29 0,1141 0,53 0,2019 0,77 0,2794
0,06 0,0239 0,30 0,1179 0,54 0,2054 0,78 0,2823
0,07 0,0279 0,31 0,1217 0,55 0,2088 0,79 0,2852
0,08 0,0319 0,32 0,1255 0,56 0,2123 0,80 0,2881
0,09 0,0359 0,33 0,1293 0,57 0,2157 0,81 0,2910
0,10 0,0398 0,34 0,1331 0,58 0,2190 0,82 0,2939
0,11 0,0438 0,35 0,1368 0,59 0,2224 0,83 0,2967
0,12 0,0478 0,36 0,1406 0,60 0,2257 0,84 0,2995
0,13 0,0517 0,37 0,1443 0,61 0,2291 0.85 0,3023
0,14 0,0557 0,38 0,1480 0,62 0,2324 0,86 0,3051
0,15 0,0596 0,39 0,1517 0,63 0,2357 0,87 0,3078
0,16 0,0636 0,40 0,1554 0,64 0,2389 0,88 0,3106
0,17 0,0675 0,41 0,1591 0,65 0,2422 0,89 0,3133
0,18 0,0714 0,42 0,1628 0,66 0,2454 0,90 0,3159
0,19 0,0753 0,43 0,1664 0,67 0,2486 0,91 0,3186
0,20 0,0793 0,44 0,1700 0,68 0,2517 0,92 0,3212
0,21 0,0832 0,45 0,1736 0,69 0,2549 0,93 0,3238
0,22 0,0871 0,46 0,1772 0,70 0,2580 0,94 0,3264
0,23 0,0910 0,47 0,1808 0,71 0,2611 0,95 0,3289
0,96 0,3315 1,16 0,3770 1,36 0,4131 1,56 0,4406
0,97 0,3340 1,17 0,3790 1,37 0,4147 1,57 0,4418
0,98 0,3365 1,18 0,3810 1,38 0,4162 1,58 0,4429
0,99 0,3389 1,19 0,3830 1,39 0,4177 1,59 0,4441
1,00 0,3413 1,20 0,3849 1,40 0,4192 1,60 0,4452
1,01 0,3438 1,21 0,3869 1,41 0,4207 1,61 0,4463
1,02 0,3461 1,22 0,3883 1,42 0,4222 1,62 0,4474
1,03 0,3485 1,23 0,3907 1,43 0,4236 1,63 0,4484
1,04 0,3508 1,24 0,3925 1,44 0,4251 1,64 0,4495
1,05 0,3531 1,25 0,3944 1,45 0,4265 1,65 0,4505
1,06 0,3554 1,26 0,3962 1,46 0,4279 1,66 0,4515




1,07
1,08
1,09
1,10
1,11
1,12
1,13
1,14
1,15

1,76
1,77
1,78
1,79
1,80
1,81
1,82
1,83
1,84
1,85
1,86
1,87
1,88
1,89
1,90
1,91
1,92
1,93
1,94
1,95
1,96

0,3577
0,3599
0,3621
0,3643
0,3665
0,3686
0,3708
0,3729
0,3749

0,4608
0,4616
0,4625
0,4633
0,4641
0,4649
0,4656
0,4664
0,4671
0,4678
0,4686
0,4693
0,4699
0,4703
0,4713
0,4719
0,4726
0,4732
0,4738
0,4744
0,4750

1,27
1,28
1,29
1,30
1,31
1,32
1,33
1,34
1,35

1,97
1,98
1,99
2,00
2,02
2,04
2,06
2,08
2,10
2,12
2,14
2,16
2,18
2,20
2,22
2,24
2,26
2,28
2,30
2,32
2,34

0,3980
0,3997
0,4015
0,4032
0,4049
0,4066
0,4082
0,4099
0,4115

0,4756
0,4761
0,4767
0,4772
0,4783
0,4793
0,4803
0,4812
0,4821
0,4830
0,4838
0,4846
0,4854
0,4861
0,4868
0,4875
0,4881
0,4887
0,4893
0,4898
0,4904

1,47
1,48
1,49
1,50
1,51
1,52
1,53
1,54
1,55

2,36
2,38
2,40
2,42
2,44
2,46
2,48
2,50
2,52
2,54
2,56
2,58
2,60
2,62
2,64
2,66
2,68
2,70
2,72
2,74
2,76

0,4292
0,4306
0,4319
0,4332
0,4345
0,4357
0,4370
0,4382
0,4394

0,4909
0,4913
0,4918
0,4922
0,4927
0,4931
0,4934
0,4938
0,4941
0,4945
0,4948
0,4951
0,4953
0,4956
0,4959
0,4961
0,4963
0,4965
0,4967
0,4969
0,4971

1,67
1,68
1,69
1,70
1,71
1,72
1,73
1,74
1,75

2,78
2,80
2,82
2,84
2,86
2,88
2,90
2,92
2,94
2,96
2,98
3,00
3,20
3,40
3,60
3,80
4,00
4,50
5,00

0,4525
0,4535
0,4545
0,4554
0,4564
0,4573
0,4582
0,4591
0,4599

0,4973
0,4974
0,4976
0,4977
0,4979
0,4980
0,4981
0,4982
0,4984
0,4985
0,4986
0,49865
0,49931
0,49966
0,499841
0,499928
0,499968
0,499997
0,499997




E.C. MupoHeHKo

BBICIIASI MATEMATUKA

MeToauyecKue yKa3aHUs M KOHTPOJIbHBIE 32IaHUA IS CTYACHTOB-32049HHKOB
HHKEHEPHBIX CIIEHAJIbHOCTEH BHICIINX Y4eOHBIX 3aBeAeHHUI

MOCKBA «BBICHIAA HIKOJIA» 1998



PEKOMEHIAIMHA I1O BBITTOJIHEHNIO
N O®OPMJIEHNIO KOHTPOJIBHBIX PABOT

Llenp npenogaBaHus MaTEMATHKU B BY3€ — O3HAKOMHUTH CTYIEHTOB C OCHOBaMU
MaTeMaTUYecKOro armapara, HeOOXOAMMOTro ISl PEIICHUS TEOPETHYECKUX M Ipak-
TUYECKUX 3aJay; NPHUBUTH CTYJIEHTaM YMEHHE CaMOCTOSITEIbHO H3y4yaTh Y4eOHYIO
aUTEpPATypy MO MATEMATUKE U €€ MPHJIOKECHHSIM; Pa3BUTh JIOTUYECKOE MBIIIJICHUE U
MOBBICUTHh OOIIMI YpOBEHb MAaTEMaTUYECKOW KYJIBTYpbI; BbIpaOOTaTh HaBbIKA Mate-
MAaTHYECKOT0 WCCIIEIOBaHMs NMPUKIIAIHBIX BOIPOCOB M YMEHHE IEPEBECTU 3a7ady Ha
MAaTeMaTUYECKUM S3bIK.

Hacrosimee nocobue 1151 CTy/I€HTOB-3a0YHUKOB COJIEPKUT METOJIMYECKHUE yKa3a-
HUSL U KOHTPOJBHBIE 33a/IaHUs IO KypcaM aHaJTUTHYECKON reoMeTpuu, TUHEHHOM anre0-
pbl, MAaTEMaTUYECKOr0 aHaiu3a, QYyHKUUNA KOMIUIEKCHON MEepeMEHHOM, Teopus Mo,
YHUCJIOBBIX U (PYHKIIMOHAJIBHBIX PSAOB, AU depeHIInaIbHbIX YpaBHEHUW U ypaBHEHUN
MaTeMaTu4ecKol (GU3HKU, TEOPUU BEPOSITHOCTEM U MATEMATUYECKON CTATUCTUKH.

Bcero mnpenycmaTtpuBaeTcsi BBIIIOJHEHHE BOCBMU KOHTPOJIBHBIX PAa0OT, MpUYEM
Kaxaoe 3ananve cofepkut mno 20 BapuaHTOB. Ilepen BBINOJHEHHUEM KOHTPOJIBHOU
paboThl CTYNEHT JOJKEH H3YYUTh COOTBETCTBYIOIIME pa3/ieiibl Kypca MO Y4eOHbIM
nocoOusiIM, PEeKOMEHJIyeMbIM B JaHHOW KHHMre. B Hel e naioTcs Takke HEKOTOpbIe
HayaJbHbIE TEOPETUYECKHE CBEICHUS U NPUBOASATCA PELICHUS TUIIOBBIX MPUMEPOB.
Ecam cTyneHT UCIbIThIBAET 3aTPYAHEHUSI B OCBOEHUU TEOPETUUECKOTO WM MPAKTHYEC-
KOr0 MaTepualia, TO OH MOKET MOJIYYNUTh YCTHYIO WM MUCbMEHHYIO KOHCYJIbTALUIO Ha
y4e0HO-KOHCYJIbTAIIMOHHBIX MTyHKTAaX.

Kaxxnas xoHTpoJsibHasi paboTa JOMKHA OBITh CAENaHa B OTIEIbHOM TeTpajau, Ha
00JI0’)KKE KOTOPOM CTYAEHTY CieayeT pa300puuBO HAmUcaTh CBOIO (DaMHIINIO, WHULIH-
anbl ¥ azapec, MHU@pP, HOMEP KOHTPOJIbHON pPAaOOThl, HA3BaHUE AMCLUMIUIMHBI 5 JATy
OTIIPaBKHU pabOTHl B UHCTUTYT.

Pemenus 3aa4 HEOOX0IMMO MPUBOJIUTH B TOM K€ MOCJIEIOBATEIBHOCTH, YTO U B
ycnoBusax 3aaad. [Ipu »ToM ycioBue 3afadd JOKHO OBITh MOJHOCTBIO MEPENrCcaHo
IIepeJl €€ pELICHUEM.

B npopenien3npoBaHHOM 3a4TeHHON pabOTe CTYIEHT IOJKEH UCIPAaBUTh OTMEUEH-
HbIE PELICH3EHTOM OIMOKH U Y4eCTh €ro peKOMEHIallui U coBeThl. Ecnu jxe paboTa He
3a4TE€Ha, TO €€ BBINOJHAKT €II€ pa3 M OTHPAaBISAIOT Ha MOBTOPHYIO PELEH3UIO.
3auTeHHbIe KOHTPOJIbHbIE paOOThl MPEIBABISIOTCS CTYJEHTOM IpHU CAade 3ayera Wid
DK3aMeHa.

B cayudae HeoOXoAMMOCTH BCE JOMOJHUTENbHBIE CBEIEHUS, CBS3aHHBIE CO
cnenuuKol ydeOHbIX IUJIAaHOB JIAHHOTO By3a WJIM C METOAMKON HM3y4eHHs Kypca,
NPUHATOW B 3TOM BYy3€, COOOINAIOTCS CTyJIeHTaM KadeapamH BhICIIEH MaTeMaTHKU
BY30B JIOTIOJTHUTENIBHO K HACTOSIEMY TOCOOUIO.
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METOJUYECKHUE YKA3AHNMA K KOHTPOJIbHBIM PABOTAM

KOHTPOJIbHAA PABOTA Ne 4

UHTEI'PAJIBHOE UCHUCJIEHUE ®YHKI{UI OJITHON
1 HECKOJIBKMX ITEPEMEHHBIX

OCHOBHEIC TCOPCTUYUCCKUC CBCACHUS

1. Heonpeoenennvim unmezpaiom ot ¢Gyukumn Jf (X) HassiBaercs BbIpakenue
BHIA If(x)dx =F(x)+C ecom F'(x)=f(x). oyuxuus F(X)F(x)

HA3BIBACTCS nepsoobpasznoi ast 3agannoit dyuximu f (X) |
[Tpu uHTETpUpPOBAHNN HANOOJIEE YACTO UCTIONB3YIOTCS CIEAYIONIUE METOIBI.

D Eem [ f(x)dx = F(x)+C 1o

jf(ax)dx L rany+c jf(x +b)dx = F(x+b)+C, (1)
a

rne 4 u b — nexoroprle NoCTOSHHEIE.
2) Iloosedenue noo snax oughgepenyuana:

[ £l@(N@'(x)dx =[ f(p(x)d(p(x)), @

Tak kak @ '(x)dx =do(x) .

3) @opmyna unmezpuposarus no 4acmsm:
Iudv = uy —I vdu. (3)

OO0OBIYHO BBIPAKCHHC dv BBI6I/IpaCTC$I Tak, 4TOOBI €TO HUHTCTPUPOBAHUC HC BBI3bI-
BaJI0O OCOOBIX 3aTpyAHEHUM. 3a U, KaK MpaBWiIO, MPUHUMAETCA Takas QyHKIUs, Tud-
(dbepeHIIMpoBaHUE KOTOPOW TPUBOAUT K ee ympomeHuto. K kmaccam QyHKIui,

ax
HHTCTPUPYCMBIX II0 YaCTAM, OTHOCATCSA, B YACTHOCTH, (i)YHKI_II/II/I BHUOa P (x )e )
P(x)sinax, P(x)cosax, P(x)Inx P(x)arcsin x, P(x)arctgx  rtae
P (x) - muOTOUIEH OT X.
4) Uumeepuposanue payuonaibHbix opodeil, T. C. OTHOIICHUHN JIBYX MHOTOYJICHOB

P (x)u0,(x) (cootBerctBeHHO Kk -ii u M -ii cTrenenn): R(x)=P,(x)/0,(x),



CBOJNTCA K pPa3loXkKeHHI0 HoAbHTerpanbHoii ¢ymkmuu R(X) mHa smemenrapmble,
BCErJa MHTErpupyeMble Apoou BUaa

A Mx+ N
(x—a)’ (x*+px+q)™’

4

2
rne [u m - uenvle monokuTenbHBIE uMcla, a TpexwieH X + PX+ g wme umeer

NeHCTBUTENBHBIX KOpHEH. TIpy 5TOM B cilyuae HempaBmiibHOH apoou (k 2= 1) nomxna
OBITH IIPEIBAPUTENLHO BbIJI€NICHA 11e1asl 4acTb.

5) Uumeepuposanue memooom 3amenvt nepemeHHou (CTIOCOOOM TOACTAHOBKH)
ABJIAETCS OJHUM U3 d()PEKTUBHBIX MPUEMOB UHTErpUpoBaHus. Ero cymHocTs cOCTOUT

B Tlepexojie OT IepeMeHHol X K HoBoil mepemenHoit f: X = @(f). Haubonee
nenecooOpasHas Uisl JaHHOI'O MHTErpajga 3aMeHa NEPEMEHHOM, T. €. BbIOOp (yHKIUU

(P(t) , HC BCCTrAa O4YCBHUJIHA. OJIHaKO JJIA HCKOTOpBIX qacTo BCTpC‘{aIOH_II/IXCH KJIaCCOB
(1)YHKI_II/II‘/JI MOXHO YKaSaTB TAKUC CTaHIIapTHBIC IMOACTAHOBKMA:
ax +b ax +b )

J'R X, 0— |dx, = =
ax +d ax +d

)

J'R(x,\/az—xzjdx, x=a-sint;
\

J'R(x,\/a2+x2}dx, X =a-1gt;

\
J‘R(x,\/xz—azjdx, X = d

. 9
sin 7

rae R - cumBon panmoHansHON (yHKIMM.
2. @opmyna Hetomona — Jletibnuya niisi BBIYUCIEHUS ONPEACICHHOI0 HHTErpaa
UMEET BUJ

[ f(x)dx = F(x)| =F(b)-F(a), 5)

4
ecru F'(x)= f(x) u nepsoobpazuas I (x) HenpephIBHA Ha oTpeske &, b].
OrnpeneneHHblil UHTErpal YUCIEHHO PaBeH IUIOLIAIA KPUBOJIMHEWHON Tpameluu,
OTPaHUYEHHOU IpsAMbIMU X = d, X = b,y=0 wu wuacteio rpaduka QyHKIUU
Y= f(x), Baaroit co 3makom mmoc, ecmu f(X) 20, u co 3makom mumyc, ecnu

f(x)<0.

3. Ecnn uHTepBan uHTerpupoBanus |, b] ne orpammuen (manpumep, b = ©)



umn  dyskmus  f(X) He orpaHmdeHa B OKPECTHOCTH OJHOTO M3 IPEIENoB

MHTErpUpOBaHus (Hanpumep, npu X = b ), To mo onpeenenuro nonaraoT

[ £exydx =tim [ £xyas. ©)
[ (o =tim [ s, @

WNuterpansl B 1eBbIX yacTax paBeHCTB (6) H (7) Ha3bIBAIOTCS HECOOCMBEHHbIMU UHMe2-
panamu. HecoOCTBEHHBIM MHTETPANT HA3BIBACTCS CXOOAWUMCSH, SCITH CYIIECTBYET KOHEY-
HBIN mpenen B mpaBod yacTu paBeHCTB (0) u (7). Ecnu ke mpenen He CyIIeCTBYET WIH
paBeH OECKOHEYHOCTH, TO HECOOCTBEHHBIM MHTETPAJI Ha3bIBACTCS PACXOOAUUMCSL.

4. TIycTs KpHBOIMHEIHAS Tpamelys, OorpaHMYeHHas NpaMbIMH X = d, X = b,

Y =0 u uacrrio rpaduka KpuBon Y = f(x), spamaerca Bokpyr ocu Ox . Torga
00BEM IMOIYYEHHOI0 MPHU ITOM TeJjla BpAIlleHHs BBIYUCISETCS 10 popmyiie

b b
V=nfyide =] (f(x) d, ®
dx
ITpumep 1. Halitn IW
dx 1
Pemenne. Tak kak I_z = ; C , TO, UCTIONB3ys hopmynsl (1), morydum

I d(2x) J-d(Zx 3) _ 1

J' bt - +C
(2x 3) (2x-3)? 2x-3)>  2(2x-3)

IIpoBepka:

( 1 ) 1( 1 ) 1 =2 1
_+C = —— = ——- =
2(2x-3) 2{2x-3 2 2x-3)* (2x-3)°

ITpumep 2. Haittu ICOS xe™"dx

Pemenue. Tak kak €0S Xdx = d(sin x) , To 110 hopmyiie (2) HaxoauM
Icos xe"™ dx = J‘es"”‘d(sin x)=e"  +C.



ITpumep 3. Haittu Ix cos 2xdx

Pemenue. HpI/IMCHI/IM MCTOA HHTCTPUPOBAHUA 110 YACTAM. I[lonoxum U = X,

dv = cos 2xdx ; torna du =dx,v = ESin 2X  Vicnonssys hopmyiy (3), nmeeM

1 1
Ixcos 2xdx =—Xxsin2x ——Isin 2xdx =
2 2

1 1
=—xsin2x+—cos2x+C.
2 4

3x*=7x+10

ITpumep 4. Halitn J'(xz +4)(x-2) dx

Pemenue. [lonpiaTerpaipHas paioHaibHas ApoOk SBISICTCS TPABUIILHON U pa3-
JlaraeTcsl Ha 3JIeMEeHTapHbIe poou Buaa (4):
3x2—7x+10__Ax+B_+ C
(x?+4)(x-2) x*+4 x-2
OcBobOoOXkaasich OT 3HaMeHarteNell B 00EMX 4YacTsX ATOr0 PaBEHCTBA W MPUpPABHUBAS

YHUCIIUTEIIH, ITOTy4aeM TOXKISCTBO JIJIS BBIUMCICHUS HEOMPEACICHHBIX KO3(DPUITMEHTOB
A BuC:

3x’=7x+10= Ax(x-2)+ B(x-2)+Cx* +4C
CocraBuM cHCTEMY TpeX YpaBHEHHUH ¢ TpeMsl HeW3BeCTHBIMU. OHO ypaBHEHUE MONY-

uuM, nonaras X = 2 (KOpeHb 3HAMEHATENIs TOABIHTErpanbHOi QyHKIMH). [[Ba APYTHX
MOJIYYMM, IPUPaBHUBAS KO3P(GULIUEHTHI TPU OJUHAKOBBIX CTENIEHIX X B 00€HX YacTAX

2 0
TOXKIACCTBA, HAIIPUMCD IIPpH X u X :

x=2:8=4C+4C,
x}: 3=A+C,
x': 10=-2B+4C.
Pemmenue 3Toil cucTeMnl JaeT: A=2,B=-3,C =1 Taxum o0Opazom,

3x2—7x+10 2x — 3 1
ooy =l
(x"+4)(x-2) x’ +4 x—2

2xdx dx , 3 x )
Ix ny 3Ix Yy Ix_z—ln(x +4) 2arctg2+ln‘x 2‘+C.

tVx - 1,

IIpumep 5. Beruuciauth onpeneneHHbli HHTErpai J' \/’ + 1



Pemrenue. [IpuMeHMM METOA 3aMEHBI MEPEMEHHOM; MmoyiokuM VX =1, oTKyzaa
dx = 2tdt . Haiinem npeessl MHTErpHpOBaHUs 110 epeMeHHoi ¢ : mpu X = 4 nmeem

t=2,anpu X=9 umeem =3 . Ilepexons B MCXOJHOM HHTErpale K HOBOIi
nepemenHor ¢ u npumenss Gopmyny Herorona — JleiOnuma (5), morydaem

3

j\/, ldx -[t-n-—lmt_(t —4t+4ln‘t+1‘)‘
+

=(9-12+4In4)—(4—-8+41In3) = 2,15.

[Tpumep 6. BBI‘{I/ICJII/ITB HECOOCTBEHHBI MHTErpai WKW YCTAaHOBUTH €ro pacxo/u-

xlnx 2) J.s1n

PCH_ICHI/Ie. 1) IlepBeiif UHTETpasl SABISETCS HECOOCTBEHHBIM HHTErpajioM ¢ Oec-
KOHEYHBIM BEpXHUM IpeiesioM uHTerpupoBanus. CoriacHo orpezaenenuro (6), umeem

MocCTh: 1) I

T d ¢ d !
[ =1im [ = limn[in x‘)‘ = lim (In|In b)) — 0 = o,
g xInx b—© g xlnx b— e b—o

CrnenoBaTelbHO, TaHHBIM HHTETPaJl PACXOIUTCS.
2) Bropoii unTerpan siBnseTcs HeCOOCTBEHHBIM MHTETPAJIOM OT HEOTpaHUYEHHOU

1

byHKUINY; f(x)= sin? x TEPUHT OECKOHEUHBIH pa3pblB B HUKHEM MpeJene Mpu

x = 0. Cornacuno onpenenenuio (7), monydaem

s dx i A
J' —— =lim | — . = lim(7g x) =1-lim(zg ¢) =1,
0 sin” x >0 . sin >0 >0

T. €. 9TOT HECOOCTBEHHBIN UHTETPa CXOAUTCS.
[Ipumep 7. BpluucnsaTe IUIOMIAAb IJIOCKON (QUIYpbl, OrpaHUYEHHOW KPUBBHIMU

yy=sinx+2,y,=-1,x=0,x=7 (puc. 10).

y



Puc. 10

/4

Pewcrue, S =J'(y1 —y,)dx = I(Sinx+2+1)dx =2+3rm.
0

0
IpTep 8. BerumcauTs 06beM Tena, 00pa30BaHHOrO BpalleHueM BOKpyr ocu OX

KPUBOI y=4dx-x",y=0,x=2(0<x<2).

Pemenue. O6beM MOTYyUEHHOTO TENa BpallleHus: HaiaeM 1o ¢popmyie (8):

F 5 F 5 167
V=7rj'y dx=7rj'(4x—x )dx=T.
0 0

KOHTPOJIbHAA PABOTA Ne 5

KPATHBIE MHTET'PAJIBI.
SJIEMEHTBI TEOPUU BEKTOPHBIX TTOJIEM

OCHOBHEIC TCOPCTUYICCKUC CBCACHUS

1. Boluuciaenue ABOMHOTO MHTErpajga ot (DyHKIUU f(x,y) , OINpEIEICHHON B
obnactu D, cBogMTCA K BEIMUCIEHUIO IBYKPATHOTO MHTErpajia BUA

f2(x)
[ £ Cx, pydedy = fdx [ £ pydy, (1)
D a Ji(x)

ecnu obmacts D ompenensercs yenosusimu @ < X < b, fi(x)< y< f,(x), wm
BUjIa

2(»)
[[ £ Cx, yydxdy = id;, ny(x, y)dx, @
D 4 ?1(y)

ecmu obmacte D onpenensiercs  ycnosusmu € S P S d,0,(y)<x<¢,(p).

Ilepexon ot paBeHcTBa (1) kK (2) mam OOpaTHO HA3BIBACTCS UBMEHEHUEeM NOPsAOKA
unmezpuposanusi. 3HAYCHHWE JBOWHOTO WHTETpajla HE 3aBHCHT OT MOpsIKa



MHTETPUPOBAHUS.
2. Beruncienue TpoiHOTO MHTETpaja oT (QYHKIUU f(x,p,2), ONpPEAECICHHON B
obnactu V', cBOIMTCS K BBIYHCIICHHIO MHTETpaja BUIa

IH f(x,,2) = H dxdy%(f})(x, v,2)dz, 3)
v D, vy (x,))

e ny - mpoekuus  obyacTu V Ha  IUIOCKOCTB xOy, I=Y, (x ’ y) U

2=y,(x,y)— YpaBHEHHS HOBEPXHOCTEH, OrpaHudMBaromux obmacte V
COOTBETCTBEHHO CHHU3Yy U CBEpXYy. B TpOMHOM uHTErpasue, Tak e Kak U B JIBOMHOM,
MOPSAJIOK UHTETPUPOBAHUS MOKET ObITH U3MEHEH.

3. Hapsny ¢ npsiMOYroJibHOM CHCTEMOW KOOpPJIMHAT MPOCTPAHCTBE MOTYT OBITh
BBEJICHbl IWIMHIpUYecKas U cdepuyeckas cucrembl KoopauHat (puc. 11).

[IpssMOyTronbHBIE KOOPAUHATHI (x; Y, Z) touxu M cBs3aHBI ¢ ee HWIMHAPUIECKUMHU

( PO, Z) U cheprueckuMu (l’ ;9;(0) KOOPJIMHATAMU COOTHOILLICHUSMU

xX=pcosQ, |[x=rsinbcosq,

y=psing, < y=rsinfsing, 4
71=2 z=rcosf.
A
Z
\\ M
0 |
!
0 I , >
v oo Y
¢ 1,7 X
y
X
Puc. 11

TpoiiHOM MHTETpAJI 3alIUCHIBACTCS B BUJE



.”]' f(x,y,2)dxdydz =

J'H f(p,p,z2)pdodpd; — 6 yuununopuue ckoit cucmeme ; (5)

— 4
J'H f(r,0,0)r*sin@ do dO dr — 6 cghepuuecko it cucmeme .
Vv

4. Beluucienue KpUBOJIMHEHMHOIO0 UHTETpaia 1Mo KOOpAMHATaM OT (PYHKIUH, orpe-
IeneHHbIX Ha KpuBoi I, CBOOWMTCS K BBIYMCIIEHUIO OIPENETIEHHOIO HHTErpaia BUaa

[ P(x, p,2)dx +Q(x, y, 2)dy + R(x, p, z)dz =
r

B
= [ PCx(0), p(2), () X" (1)t + Q(x(2), (1), 2(1) ' (1)t + ©

+ R(x(), y(2), 2(2)) 2" (t)dt,

€CclI KpuBas I’ 3anana rnapaMmeTpuyecku: X = x(l‘), y= y(t), = z(t) ut=a
COOTBETCTBYET HauaIbHOU Touke kpuBoii I ,a [ = P — ec xoneunoii Touxe.

5. BblunucieHne TOBEPXHOCTHOTO UHTErpajia oT (QyHKIUH F(x,y,2),
ONpPEAEICHHON Ha JBYCTOPOHHEHN MOBEPXHOCTU O , CBOAUTCA K BBIUMCIIEHUIO IBOMHOTO
MHTETpalia, HalpuMep, BUIa

‘”.F(X, Y Z)do' = ‘”’F(xa Yo f(xa y))Mﬂ (7

o 2 ‘cos y‘

Xy

eCITH TOBEpXHOCTh O , 3amanHas ypasrenmeM < = f(X,)), onHosHauno mpoeuupy-

ercs Ha mwiockocth XOY B oGnacts ny. 3nece Y - yroa MexAy €IUHUYHBIM
1
BEKTOPOM HOpPMaJu M K IoBepXHOCTH O n ochio O7F .

r rr
ali +afj—k
Oox oy

ml o 4
Oox oy

Tpe6yeMasI YCIIOBUAMM 3a1a4H CTOPOHA ITIOBCPXHOCTH a OIIPCACIIACTCA BBI60pOM COOT-

Q=
1l
H

®)



BETCTBYIOIIEro 3Haka B (popmyie (8).
6. C IOMOIIIBIO TPOHHBIX HHTETPAJIOB MOKHO BBIYUCIIHTH:
a) ooweM V Tena u ero maccy M :

V= m dxdyd;, M =m u(x, y, 7)dxdydz,
Vv Vv

raec M - 00BbEMHas IIJIOTHOCTh pacinpcacicHusa MacChl,

6) MOMCHT MHCPIUU OAHOPOAHOI'O TCJIda OTHOCUTCIILHO, HAIIPUMEP, OCH OZ N
_ 2 2
I, = m (x? + y*)dxdydz .
| 4

1
7. Bexmopnvin nonem @(M) naspiBaercs BexropHas pynxuus Touku M BMecte
C 00J1acThIO €€ ONpeAeIeHUs:

a(M) = P(x, y,2)i +0(x, y,2)j + R(x,,2)k.

1
Bekropuoe none @ (M) xapakTepusyercs ckanspHoil BeIMUHHON — Ousepeenyuei

r 6P+6Q+6R

diva = 9)
Ox Oy Oz
Y BEKTOPHOU BEIIMYUHOU — POMOPOM:
| | |
I j k
r (o o 0
rota = =
Ox Oy 0z
P O R (10)

r r r
(2n_2e);, (r_omy;, (o0 _ar);
oy Oz 0z Ox ox Oy

1
8. ITomoxom Bextopuoro nons @( M) uepes nosepxHOCTL O Ha3bIBaETCS MOBEPX
HOCTHBII UHTErpal

11 = [ @,mdo, an



1
I‘IIC n. CIII/IHI/I‘IHBII/I BCKTOP HOpMAJIX K BBI6paHHOI/I CTOPOHC TIIOBCPXHOCTHU O,a

(a n) CKaJIIPHOE IIPOU3BEICHUE BEKTOPOB a 51 n
r I. I. 1
9. HQupxynayueu BekTOpHOrO mnoia a = P(x,y,z)i +0(x,y,z2)j+ R(x,y,2)k no
3aMKHyTOM KpuBoi I HasbIBaeTCs KPMBOJIMHENHBIN HHTErPal

r.r
I = § Pdx + Qdy + Rdz = §adr, (12)
r

r

r I. I. 1
rne dr = dxi +dyj + dzk .
10. @opmyna Ocmpoepadckoeo yCTaHABIMBAET CBSI3b MEXKY ITOTOKOM BEKTOPHOTO
1
oJsl @ 4epe3 3aMKHYTYIO IOBEPXHOCTh O U JUBEPreHIUMEH MOJIA:

ﬁ(ﬁ,ﬁ)do = jﬂ divadV, 13)

rae V' - 06beM, orpaHUYEHHBIN TOBEPXHOCTBIO O .
11. @opmyra Cmoxca ycTaHaBIMBAET CBSA3b MEXKAY LUPKYISAIUEH BEKTOPHOTO
1

noJis @ U €ro pOTOPOM:

rr
dex +Qdy + Rdz = H (rota,n)do, (14)
r c

rae O — NOBEPXHOCTh, OTPAHMYEHHAs 3aMKHYTEIM KoHTypoM I, a n— € AMHUYHBIN
BEKTOp HOpPMaJd K 3TOW MOBEpXHOCTH. HampaBieHue HoOpMalud AOHKHO OBITH CO-
IJ1aCOBaHO C HampapieHueM o0xona kourypa I .

[Tpumep 1. M3MeHUTH MOPSAOK MUHTErPUPOBAHUS B IBOMHOM HUHTErpAJIE

1 24/x
I= j dx j f(x,y)dy.
0 —2Jx

Pemenne. 3Has mpenensl MHTETPUPOBAHUS, HaWJIeM T'paHUIBI O0JIacTH HWHTET-
pupoBanmst D :x=0,x=1, y=24Jx, y=—-24X u nocrpoum wux (puc. 12).
O6nacte D pacnonaraercs B nonoce 0 < X <1 wu orpanuyena cHuzy u cpepxy

2
COOTBETCTBYIOIIMMH BETBAMH mapabonsr V- = 4X .

Halinem HoBble mnpenensl BHemHero (mo )Y ) u  BHyTpeHHero (mo X))
uHTerpupoBanus. Tak kak obnacte D mpoermpyercs na ocs O B otpesok AB, To

npeacjiaMnu BHCHIHCTO HHTCTPUPOBAHUA ABJIAIOTCA OPAWHATBI TOYCK A u B, T. €.



Y=-2 u y=2 coorsercrenno. JleBoii rpaHulie oOJacTH SBIAETCS KpuBas

2 2 .
x=y /4 (ypaBHeHue mapabonsl YV = 4x pa3penieHo OTHOCUTENbHO X ), a IpaBo

— mpsimass X = 1. Takum oGpasom, ngoiinoi unterpan I ¢ m3MeHeHHBIM MOpSAAKOM
WHTETPUPOBAHUS 3aIIMIIETCS B BUIE

1= idy jf(x,y)dx-

-2 y’/4

[Ipumep 2. BelunucauTh TpOHHON UHTETPA I= _UI (=2x)dV , ecii obnacts V'
4

2 2 2
orpaHHYeHa moBepxHocTsIMA O :2=2 n 0,:2  =x"+ " (22 0) (puc. 13).
Pemenue. Ucknrouas & w3 ypaBHeHud O u O, , OJy4YUM ypaBHEHUE I'PAHULIBI

2 2
oOJactu ny (npoexuuu V' na mmockocts x0y ) X"+ )y = 4. JI71s BBIYMCIICHUS

unrerpaia I mnepexomuM K UMIMHAPMYECKMM KOOpAMHATaM 1o (opmynam (4) ¢
npenenamu  mHTerpupoBanmst 0SS Q@ <2, 0<p<2,p<z<2 (z=p

2 2 2
ypaBHEHHE BEpXHEH yacTh KoHyca & = X + ) B NMIMHAPHYECKUX KOOPIAMHATAX).
ITo dhopmyne (5) nomydaem

I= j j j (=22)dV = j j j (—-22) p dpdods

2 2 2 2 2 2

= —Id(p“‘pdeszz = —Id(pj‘p(zz‘ )dp =
0 0 p 0 0 o

2

2 2 2 2 2
=~[do[p@-p*dp=-[«2p*~F)| yip =4[ dp =8z
0 0 0 0 0




Puc. 12 Puc. 13

ITpumep 3. BerYucinuTh NOBEPXHOCTHBIM HHTETPAIT

dO',

' H\/x +y +7z°

2 2 2
rae O, — BHEWIHAS 4acTh KOHyca & = X +y (Z 2> 0) , OTCEKaeMas ILIOCKOCThIO
z = 2 (puc. 13).

Pemenie. IloBepxHOoCcTh O, OJIHO3HAYHO TMPOCIUPYETCS B 001acTh ny
mockocti XOY | w unrerpan Beraucisiercst mo gpopmyie (7).

EnvHUYHBIN BEKTOP BHEIIHEW HOpMaJH K MOBEPXHOCTAX O, HaiineMm no gopmyne
(8):

I I I — = —

2xi +2yj —2zk xXi+ yj—zk

.
n, ==
\/4x2+4y2+4z2 \/x2+y2+z2

3II6CB B BBIPAXCHUU JII HOpMaAJIA BBI6paH 3HAK IUIKOC, TaK KaK yIroJi }’ MCKAY OCBIO

I (_z)

Oz un HOpMallblo M, — Tylou W, CIIEI0BATEIbHO, cosy =+
\/ X"+ y +z°

[ .2 2
JOJDKEH OBITH OTPMLIATENBHEIM. YUHTHIBas, 4To & = /X~ + )" | na mosepxuoctu O ,
MoJy4aeM

_ b4 . dxdy _ 2 _
! .l[;[\/x2+y2+zz z/\/x2+y2+z2 !jz dxdy

= H (x* + y*)dxdy.

xy

Xy

2 2
ObnacTb ny ecth kpyr X~ +¥° <4 [lostoMy B HOC/IEIHEM HHTErpaje IePexoIuM

K TIOJIsIpHBIM KoopuuaTaM (pu stom 0 <@ <27, 0< p < 2);



2

2
do =4 [do =8x.
0

1=[[p* pdpdp = Ttkpiﬁ dp = ZI (%]
D,, 0 0 0

0

ro— —
ITpumep 4. HaliTu quBepreHInIo U poTOp BEKTOPHOro nojig & = Yl — XjJ — 'k .
Pemenue. [lo popmyne (9) monyuaem

r 8 9 o
diva = — y+—(-x)+—(-z%) = —2x.
va ="y 6y( ) 6z( z%)

PoTtop nanHOoro BeKTOpHOrO 1MoJjsi HaxoauM 1o dhopmyiie (10):

I I I
i Jj k
r (o0 o 0
rota =— — — |=
ox 0Oy O
y x -z
b (ae-a0)
= —(-z")——(—x z—— 77)—— +
\6y( Y) ( ) azyJ
( r
+ i( x)—iyjk——lk
r ! '

. 2
IIpumep 5. BbIUMCIATHE TOTOK BEKTOpPHOIro mnojs @ = Yyl —Xj —2 k yepes

3aMKHYTYIO TIOBEPXHOCTh O , 00pa3soBaHHYIO IUIOCKOCTBIO Z = 2 M YacThbiO KOHyCa

P=xt+ y2 (z> 0). [IpoBeputs pe3yiabpTaTt C IOMOIIBIO bopmyIibl

Octporpaackoro.
Pemenue. IloBepxHOCTh O COCTOMT M3 JBYX IOBEpXHOCTe: O — YacTu
2 2 2
IJIOCKOCTH § =2 u O, — uvactu konyca & =X+ Y° (puc. 13). [TosToMy moTOK

1
yepe3 O paBeH CyMME MOTOKOB BEKTOpa @ 4Yepe3 COCTABIISIOIINE ITOBEPXHOCTH:
rr rr
M=1I,+1, = H(a,nl)dc +H(a,n2)d0',
(e (e

| |
rae By u N, — BHENIHKWE HOPMAJIU K IJIOCKOCTH U KOHYCY COOTBETCTBEHHO.
.
Jlns nosepxHocTH Z =2 B cumiy dopmynsl (8) momyunm M, =k p,



CJICA0OBATCJIbHO,

m, =H(£,5l)do =H(—z2)d0' =—4dedy=
——4jd<pjpdp_—4j( 212 )dcp——sjdcp——lm,

TaK KaK Ha TOBCPXHOCTHU 0-1 uMeeM g = 2 .

BprauciuMm moTok qcpe3 IMOBCPXHOCTHb 0-2 YPaBHCHHC KOTOpOﬁ B JABHOM BHJC

[.2 2
Jmaercs  cooTHouieHueM < =4/X + Y | Bekrop BHENIHEH HOpPMaaM paBeH
1 1 1
’; o xi+yj—zk
JxT+yi+z

5> . I[lo dopmyie (11) momyyaem

3
- Xy +
1, H(an)da—” YL o =
\/ X"+ y +7z°
‘do
= I I ¢ =87
\/x + y +7z°
(cm. mpumep 3).
Takum 06pa30M, ITIOTOK BCKTOPHOT'O I10JIA acpes IMOBCPXHOCTH

0 =0, +0, paBen
=11 +11, =-16n +8n = —-8x.

Haiinem pemenue 3Toi 3amaund ¢ momouislo (Gopmynsl Octporpaackoro (13).
1 1 1

. . 2 .
Juseprenuus nosist @ = Yl — XJ — 3 k pana diva = =27 (cM. npumep 4), U IOTOK

11 = [[[ divaav = [[[ (-22)av = -8x,

KaK 3TO OBLJIO BBIYUCIICHO B IpuMepe 2.
1 1 1
IIpumep 6. BpravcnuTh HUPKYISLHAI BEKTOPHOro mnoje @ = Yyl — XJ —ZF k no
xoutypy [I', o00pasoBaHHOMy mepeceueHHMEM IIOBEPXHOCTEH O, % = 2 u

C L2 L2 2
0,: 2 =x"+y (z20). [TpoBepuTh pe3ynbTat ¢ momoIso Gopmynsl CTokca.
Pemenne. IlepeceyeHneM ykKa3aHHBIX TOBEPXHOCTEU SBISIETCS OKPYXKHOCTb



2 2

X" +y =4, z=2 (puc. 13). Hanpasienue 06x01a KOHTYpa BBIOHPAETCSI OGBITHO
TaK, 4TOObl OTpaHMYCHHAs UM 00JIaCTh OCTaBaJach CjieBa. 3alUIleM apaMeTpUIECKUe
ypaBHCHHS KOHTYpa I -

X =2cost, dx = —2sin tdt,
y=2sint, omkyoa dy = 2cos tdt, (15)
3= 2, dz - 0,

npuuem napametp ¢ usmensiercs or 0 1o 27 . ITo popmyne (12) ¢ yuetom (6) u (15)
0JTy4aeM

2r
I =§de +Qdy + Rdz = IZsint(—Zsint)dt—Zcost-Zcos tdt —4.0 =
r 0
2n 2n
= j(—4sin2 t—4cos’ t)dt = —4jdt = -87.
0 0

[Ipumenum Tteneps Qopmyny Crokca (14). B kauectBe mnoBepxHoctu O,
HaTsHyToil Ha KoHTyp [, MOXHO B3ATh uyacTh IWIOcKocTH £ = 2. Hampasnenume
1

HOpMaJIn n=k K 3TOM MMOBCPXHOCTHU COIIIACYCTCA C HAIIPABJICHUCM O6XOIIa KOHTYpa
r I

I' . Potop naHHOrO BEKTOPHOrO TONSA BBIUMCIEH B npumepe 4: rota =-2k .
[ToaTOMy HicKOMast HUPKYISLUS

11 = [[ (rota,n)do = H(—lec,llc)dc -

= —2” do = —2” pdpde = —2Td(pipdp =
o D, 0 0
2 2 2 2

=-2[| & lp=-4[dp =-sx,
0 2 0 0

qTo COBIAAACT CO 3HAUCHHUCM MNUPKYJAOUHU, IIOJYYCHHBIM HCIIOCPCACTBCHHBIM
BBIYHCIICHUCM.

KOHTPOJIbHAA PABOTA Ne 6

PSIJIbI



OcCHOBHEIC TCOPCTUYUCCKUC CBCACHUS

1. HucnoBoii psia

a1+a2+...+an+...=2an, (1)

n=1
Ha3bIBACTCIA CXOO}ZLL;HMC}Z, CClIn  CYIICCTBYCT npe()eﬂ €ro0 4YaCTU4YHBIX CYMM

o0
S, = Z“k' Ypcno S = '111_1)130 S, HaswiBaercs cymmoit psga. Ecim ke mpenen
k=1

YaCTHUYHBIX CYMM HE CYILECTBYET, TO psif (1) Ha3bIBaeTCs pacxoosuumcs.
Heo6xoauMplii mpu3HaK CXOAUMOCTH: ecliv psl (1) cxoauTcs, To ero oomuii ujieH

crpemutes K Hymo mpu 12 —> © :lima, = 0.

n—>®

K AOCTATOYHBIM IIPpU3HAKAM CXOIUMOCTH PAAO0B C ITOJIOKHUTCIBbHBIMU YJIICHAMH

(d,, 2 0) ornocsres:
a) [Ipu3nak cpaBHEeHHUs B TIpeAeabHON dopme: ecnu

lim ‘;" =k (k #0, ), @)

[¢ 0} [¢ 0}
TO psAAAbI Z an nu Z bn OJHOBPEMCHHO CXOOATCS UIIN PACXOOATCH. B kauecTBe
n=1 n=1

OTAJIOHHBIX PAOO0B IJII CPABHCHUS OOBIYHO CIIyKart:

=1
pan ZF , cxonsmuiics mpu @ > 1 u pacxonsumiica npu @ < 1;

n=1

00
n—1
paa z q CXOIIHH.IPIﬁCH Ipu 0 S q < 1 pacxonamnﬁca Ipu q Z 1 .
n=1

n-1
0) [Ipusnak Jlamambepa: eciiu CyIecTByer

n—>x© a
n

=4, 3)

[ ]
TO DAL Zan CXOHHTCHHI/IOSq<1H aCXOIII/ITCHHI/Iq>1.ECJII/I)Ke q=1,To
p p p p

n=1

BOIIPOC O CXOAHUMOCTH piAaad 3TUM IMPU3HAKOM HE PCIIACTCA.



¢ 0}
PHII Z an C WjICHaMu, UMCIOINMMHA PAa3HbIC 3HAKHW, HA3BIBACTCA YCI106HO CX005-
n=1

) )
wumcs, CCIN psn Zan CXoouTCiA, a psan Z‘an pacxoguTcsa, H abcotomno

n=1 n=1

[¢ 0}
CXOOAUUMCSL, €CITU PSITT Z‘an
5

n=1

CXOOHTCA.

0
B) [Ipu3nHak JleliOHMIIa: eciIu YiIeHbI psaaa Z @, y1OBIETBOPSAIOT YCIOBHAM:
n=1

) a,a,., <0 (re. pan smakouepenyrommiics); 2) ‘al‘ > ‘az‘ > eee > ‘a,, > e 3)

’111_1)1010 ‘“n‘ =0 , To paz cxoautcs. IMorpemHocts A |, mpoucxoasmas oT 3aMeHbl CyMMBbI
CXOJISIIIErOCsl 3HAKOUEPEAYIOLIETrocs psiga CyMMOW €ro mnepBbiXx M 4YIEHOB, IO

a0COJIIOTHOM BEJIMYKMHE MEHbIIIE NIEPBOTO U3 OTOPOIICHHBIX YJICHOB:

A=|S-S,

<|a

. 4

n+1

1. Pan Buna

0
ao+a1(x—a)+...+an(x—a)"+...=Zan(x—a)" (5)

n=0
HA3BIBACTCS cmenenHviM psoom (oTHocutensro (X —@)), Touka X =4 yenmpom

paznoxcenus, A, — koap@uyuenmamu paoa. YUncno R maseBaerca paouycom
cX00uMocmu CTETIEHHOTO Psifia, eclu paf (5) cXoAUTCs Ipu ‘x - a‘ < R y pacxomures

pu ‘x - a‘ >R, ITpu ‘x - a‘ =R P MOJKET KaK CXOAUTHCA, TaK U PACXOJUTHCH.

HNuTepBan la— R, a+ R| naswBaercs UHMEPBANOM CXOOUMOCMU CTETICHHOTO psijia
(5). Pagnyc cxomumoctn R MoxeT ObITh Haiinen mo gopmyie

R = lim|- 2|, ©)

n—»0 an+1

CrenenHoit psj (5) BHyTpU HUHTEpBaa CXOJAUMOCTHA MOXKHO NOUJIeHHO AuddepeH-
LIAPOBATh U UHTETPUPOBATH C COXPAHEHUEM PAJINYyCa CXOIUMOCTH.
3. Cmenennvim paoom ¢ KOMNIEKCHbIMU YleHaMU HAa3bIBAETCsl BBIPAKEHNE BUAA



0
2
a,+a,z+a,z" +..+a,z" +..= Zanzn,
n=0

rne %, =X, +1,, 4, - xoMIueKkCcHble TOCTOSAHHBIE. OOIACTBIO CXOIUMOCTU 3TOTO

psAna SBISAETCA KpPyr C LIEHTPOM B Hayajae KOOpJUHAT: ‘Z‘ <R rpe R— paguyc

CXOAUMOCTH psJa.
ITo onpenenenuro,

2 n
Z Z
f=l+z+—+ct+—+., R=o0;
2! n!
zZ 4 z2n
cosz—l——+——...+( 1)” + eeey R = 0; (7)
2! 4! (2n)!
3 5 2n+1
. 4 n 3
sinzg=z—+——...+(-1)" ——+..., R = o0;
3 S! (2n+1)!
OTCIOIIa CICOyCT, 4TO
e’ =e " =e*(cos y+isin y). (8)

4. Paoom @ypwve nepuonmdeckoii pynkmun f (X), —I < x < I, naspsaercs pan
BHUJA

f(x) ——" +>a, cos—+b sm—m;x,
n=1
1
= j f(x)cos ?dx, n=0,1,2,..;
-1

1 l
=7.[f(x)sin$dx, n=1,2,..;
-1

dyuxuus, 3agansas Ha nomynepuone [0, 7], moxer 6u1Th npencraBnena pazmiy-
HeIMH psiaamu Dypee. [lpu 4YeTHOM NPOJOIKEHUH JAaHHOW (GYHKIMM HAa BTOPOU
nonynepuon [0,—1) momyuaercsa psax no xocumycam:

0

f(x)= “7" a, cos ?; ©)

n=1



2 l
by=0; a,=" [ £(x)cos %x, n=0,1,2,..
-1

a IIpu HCYCTHOM MMPOIOJIZKCHHUN — PAL 11O CHHYCaM:

- j f(x)sdex, n=1,2,3,..;

ITpumep 1. MccraenoBaTh Ha CXOAUMOCTD YHUCIIOBOU Psifl

i arctg (2n+3)
n=1 n .

Pemenue. [IpoBepsiem cxonumocTs psiaa no npusHaky Jlanam6Gepa (3). Tak kak

arctg (2n+3)
oOIIMiA YieH psija a, = n , TO, 3aMEHsIS1 B BbIpaxeHuu M -ro wieHa H
arctg(2n+5)

Ha n+1, HaxXoJIuM an+1 - 3aTem HImeM 1peacia OTHOIICHUA

n+1

rocienyrouero uieHa @, ., x npeapiaymemy @, npu . —» 0O :

g = lim %2 = fim " arcig(2n+S) _ .
n—>o g n>o (n+1)arctg (2n + 3)

n

[TockonbpKy MONMy4YeHHBIN NpeAeN paBeH e€AMHULE, Ipu3HaK JlanamOepa He JaeT oTBETa
Ha BOIPOC O CXOAMMOCTH psAJa (374€Ch AJs BBIUUCIEHUA Ipeaeia ObLIO HCHOJIb30BAaHO
npaswio Jlonurans). [Ipumenum Tenepb HpI/ISHaK CpaBHeHUs B mpejaesibHON dopme. B

1 1
KauecTBE ATAJIOHHOTO psiJa BhIOEpEM psif Z n’ b, = ; u B cuty hopmynsl (2)
n=1
MOJTyYUM
. arctg(2n+3 . T
k= =~ = lim A )=11marctg(2n+3)=—.
n—>o bn n—>o n-1 n—>o 2

CJICIIOB&TCJIBHO, I/ICCJICIIYCMBIﬁ pAd ABIICTCA PACXOAAIIUMCA, TaK KaK ATAJIOHHBIN paacC



1

OOIIMUM YJIEHOM bn = ; U pacxoauTcs (rapMOHUYECKUH Psif).

IIpumep 2. HallTu paauyc W HHTEPBAJ CXOJWMOCTH CTENEHHOIO psla

> n+3 42
Z n +1 (x ) . HCCJICIIOB&TB CXOOAUMOCTHb p;ma Ha KOHIAax I/IHTepBaJIa
n=0

CXOJIUMOCTH.
Pemenne. Paguyc cxoagumoctu HaxoauMm 1o Gopmyiie (6):

2
R = lim = lim (n+3)((m +21) +D = 1.
moolg | e (n+4)(n” +1)

HNHTepBan cXOaMMOCTH AAHHOTO PsiJia ONPEAENseTCs] HEPABEHCTBOM ‘x + 2‘ <1

nm—3<x<-1
HccnenyeM KoHIbI MHTepBana cxoaumoct. Ilpy X = —1 mnonydaem umcnosoii
pan

= n+3 = n+3
Y-+ = Y

mon”+1 mon +1

MpeIesIbHOTO MPU3HAKA CPAaBHEHHUS (3TATOHHBIN MPsJ — FAPMOHUYECKHU).
[Ipu X = —3 nonyyaeM YKCIOBOI 3HAKOUEPELYIOIHIACS P

o0

> > (342 2(1) LALN

n=

KOTOPBIM cxoauTcsa Mo mnpuszHaky JleiOnuma. Tak kak psifi, COCTaBJICHHBIN U3
S n+3

a0COJIFOTHBIX YJIEHOB JaHHOTO psaga, T. €. pan nz +1 )
n=0

pacxoauTrcsa, TO

I/ICCJICIIYCMBIﬁ pad, CXOOUTCA YCJIOBHO.
Takum 06pa30M, HHTCPBAJI CXOOAUMOCTH HCCICAYCMOTI'O CTCIICHHOI'O psla HMCCT

Bug —3<x<1.

I = j =
IIpumep 3. Beraucauthb [, cTouHocThio 10 0,001.
p P 0.6 3 1+ xZ

Pemenue. Pa3noxxuM mNOABIHTErpalibHYIO0 (YHKIHIO B OWHOMHUAIBHBIA S 1O
CTENEHAM X :



2)—%_ 1 2+1'4 4 1'4'7x6

X
3 3-6 3-6-9

+ .y ‘x‘ <l1.

Tax Kkak OTPC30K HHTCTPHUPOBAHUA [_096; 0] HaXOJUTCsA BHYTPHU HHTCPBAJIA
CXOOANMOCTHU OMHOMHAJILHOTO psaga, TO psAd MOXKHO TITOWJICHHO HHTCIPUPOBATD.
HOIICTaBJUIH B UHTCTPAJI BBIMICIIPUBCACHHOC PA3JIOKCHUC HOIIBIHTCI‘p&JIBHOﬁ Q)YHKHI/II/I
U MMOYWICHHO MHTCTPUPYA B YKA3dHHBIX IIPCACIaX, IOJIy4acM

1 2 14
= x_—x + x - x +o..
3-3 9.5 81-7

-0,6

3 5 7
{06406’ _2:06° 1406 )
45 567

(0,6)’

UYerBepTolii  4iieH 14 = 0,0007  \enpme 0,001 . Tlosromy cormacho

HEPaBEHCTBY (4) /U1l BHIYUCIICHUS MPUOIMKEHHOTO 3HAYCHUSI UHTETpaja ¢ TpeOyemoi
TOYHOCTBIO IOCTATOYHO OrPAaHUYUTHCS MEPBBIMU TPEMS YJICHAMU Psijia:

(0,6)’ + 2 (0,6)°

I1=0,6-
45

~ 0,579.

IIpumep 4. HaliTu cymMy psiia ¢ KOMIUIEKCHBIMU YJIEHAMU:

2 71_3 71_4 71_5

. T . .
1+mi— — I+ + I—....
2! 3! 4! 5!

Pemenne. OO1muil WwieH TaHHOTO psijia UMEET BUJT

" . )"
M AP ¢}

n! n!

T. €. psA, N0 ONpelnesieHuto, sBisieTcs (QyHKIHMeH f(z)= e’ npu Z =7 [cMm.
dbopmyny (7)]. CnenmoBarenbHO, CymMMa »JTOTO psja paBHAa 3HAYCHUIO (DYHKIIUH

f(z)= e’ s yKa3aHHOW TOYKE: e” =cosw +isinw =-1 [cM. dopmyny (8)].



(m)
Takum oOpaszoM, monxydaem Z =-1
n=0
[Tpamep 5. Paznoxuth neproaudeckyro (yHKIUIO f(x)= ‘x - 1‘9 0<x<3;
psan @ypbe no kocunycam. [loctpouts rpaduk GyHKIUM.

Pemenne. JlanHas ¢yskuus ompenenena Ha momymepuoze [0,3] |, 1. e I=3.
Jlnst paznoskeHus: Takoi QyHKIuM B psig Oypbe 10 KOCHHYCaM €€ CJIeYeT MPOJ0JDKUTh

Ha BTOpoii momymepuon [—3,0) wernsim o6pasom (puc. 14). Jlns ueTHOH QyHKIHH

koapurmentsr b, =0 kosddunmentsr @, Bhraucisiores mo Gopmymam (9):

A

y

2 4

| | X Puc. 14

23 -1 0 13 3
a YIf(x)cosde——”x Z‘COSde.

n
0

Tak xak
x—1 npu x 21,
-1
—(x—=1)npu x< 1,
TO OTPE30K MHTETPUPOBAHNUS pa3odbeM Ha aBa orpeska: oT 0 mo 1, 1ne f(x)=—-x+1

wor 1 no 3,rme f(x)=x—1_ Tornma
2( ¢ nmx p nmx
=— j(l—x)cos—dx+j(x—1)c0s—dx .
309 3 1 3

IIpu n =0 umeem

a, = %U'(l—x)dx +.i'(x—1)dxj =



2 a-x?f I’

2
_ L (x=D)
3 2

2

2(1 25 5
=2 —+2|=2.2=2,
3(2 ) 32 3

JIsI  BBIYMCIICHHUA KO3 ITaucCHTOB a (n = 19 29 -") IIpUMCHHUM  MCTO[
n p

‘0 ‘1

HUHTCTPUPOBAHUA 110 YaCTAM:

b by
J'udv =(uv)‘ —J'vdu,
nmx
npuueM B mepeoM wuHTerpate mnpumem ¥ =1—X, dv = cos 3~ OTKym
3 . nnx
du =—dx,v = sin . Bo BTopom wmumTerpane momoxum U =Xx-—1,
nrw 3
nmx . h7ux
dv = cos de, otkyma du =dx, v = o sin 3 - Torna
1
21 3 ) nn'x| 3 ¢ . nmx
a,=—| —(1-x)sin + J'sm dx |+
3\ nn 3 |0 nrw s,
2 3 nn:x|3 3 7 nmx
+—| —(x—1)sin - Isin dx | =
3\ 7n 3 |0 nw <
1
2 9 nn'x| 29 nn'x|
=—| ——5—cos +—| — 5 cos =
3| n’n 3|, 3|\x’n 3 |
2 9 nnux nrw
=_—+——|—¢cos——+1+cosnw —cos—— | =
3 n°n 3 3
6 nrw 6 " nrw
=——| cosnm +1-2cos =——| (D" +1-2cos —|,
n°n 3 mn 3

Tak kak COS ITT = (_l)n .

CnenoBatenbHO, UCKOMOE pasznoxeHue (GyHkuuu B psag Dypre mo KocuHycam
UMeEeT BUJT



0

f(x)——0 Z cosﬂ

=1

-D"+1- 2c0s—” cosﬂ
3 3

—+Z

nln”

370 pa3iioKeHUe CIpaBeJIMBO B 00JIaCTH HEMPEPHIBHOCTH JAHHOU (DYHKIIUH.

3AJIAYM JJI51 KOHTPOJIBHBIX 3AJIAHUH

KOHTPOJIbHAA PABOTA Ne 4

I. Haittu Heomnpenenennbie uHTErpaibl. [IpaBUIbHOCTh MOJYYEHHBIX PE3yJIbTaTOB
npoBepuTh AU hepeHurpoBaHUEM.

xdx x +18)dx
1. 1)I7+x 2) ;2_4.‘:)_12; 3) J'(3—x)cosxdx;
x+4)dx
2 sin? 2) J'x( _2; g’ ; 3) J'xln(l—3x)dx;
5
dx | (x +23)dx 7
>1) Iﬁ, 2 e v 20’ 3 J'xe a;
x+12 dx
4.1) -[Sx+ 3 2) ( x) P 3) J'arctg4xdx;
. +19)d.
5. 1) [ sin(2 = 3x)dx; 2) x(zx - Zx)_fs; 3) [V Inxd;
Sx=2 (5x+6)dx ] .
6.1) J'e4 dx; 2) 7 +4x—12; 3) J'xsm Sxdx;
dx (5x—="T)dx )
7.1) _[7 T+ ax? . 2) e 20; 3) J'(2x+5)s1n xdx;
J- dx J- Sxdx J-ln xdx
8- D) cos? 2x D) "6 N /s

X (S5x +2)dx . X
cos| ——4 |dx; ; arcsin —dx;
o | (3 ) ’ Dl iax-g’ 5 | 30



J- dx .

10. 1) m’
edx

11. 1) Im’

12. 1) J.x\/3—x2dx;

arctgxdx
13. 1)] T+ X7

14. 1)

J'sin 2x+/2 —cos? xdx;

J- sin xdx :
15.1) 1—cosx

de
16. 1) I—;
17. 1) I

18.1)I8+

—tx
COS x

T dx;

J- sin 2x
19.1) coS x+3

xdx

20. 1)[

COS x

I

Sx+1dx

2)

19 -4x

x4+2x-15"

2)J.Zx +x - 3

2x+9

.
9

2) J.x +5x+6

xX+9

2)J.x +2x— 3

2x+27

)J.x e 12

4x + 31

.
9

2 X5
2x " +11x+12

J~11x2
2) x+x2

2).[ 17 -2x

9-2x

dx;

—5x+4

2) J.x —5x+6

4x + 27

» [

x—13

.
9

x—x6

2)J.x —2x— 8

II. Beryucnuts onpeaeneHHbli UHTerpall.

j-\/x+ 2dx
1.
2

X

\/7dx

3.

5.

=
[

.
9

3) Ixe“dx;
3) j(sx — 2)In xdx;
3) Ixcosz 2xdx;

2 .
3) Iln(3 + x")dx;

3) Ix arcsin xdx;
3) I(Z — x) sin xdx;

3) j (1—1n x)dx;

3) j(3x +4) cos xdx;
3) j arcctg (4x)dx;
3) J'xln2 xdx;

3) Ixz sin 3xdx;



0

7. ,!./42 N+ x

9 £41+\ﬁ§;1_'
\/7dx
11[

y 4+ x

fxl+1+x
;3. ]

o Vl+x
9 [xdx

w.jx_6

17'J.\/__+3
19 Iz+~J____

II1. Borurcnuth HECOOCTBEHHBIN MHTETPal UM YCTAHOBUTH €TI0 PACXOIUMOCTb.

dx

6
x_
121————4x
3

O ERESENP
2

16.

7 Txe

0

5

dx

4 !(x 4)?
6. Itgxdx

—/2

I’ dx
8. '!). x'+2x+5
10. ﬂj/.zctgxdx

0

12? t?

09x +1



19. I

0
16. J'e_x xdx

® dx
2. |
14

IV. Bbruucnuth miomaap miockoil Gpurypel, OrpaHMu4E€HHON 3aJaHHBIMU KPUBBIMHU.
Cnenatp yepTex 00JIaCTH.

1.3x*—4y=0, 2x—-4y+1=0
2.3x +4y=0, 2x—-4y-1=0
3.2x+3y° =0, 2x+2y+1=0
4.3x*—4y=0, 2x+4y-1=0
5.3x> +4y=0, 2x+4y+1=0
6.2x-3y* =0, 2x+2y—-1=0
7.3x*=2y=0, 2x-2y+1=0
8. 4x+3y° =0, 4x+2y+1=0
9.3x*=2y=0, 2x+2y—-1=0
10. 4x-3y° =0, 4x+2y-1=0
11.y=x3+3, x=0, y=x-1,
2. y=x’+2, x=0, y=x-2,
13,y=x3+1, x=0, y=x-3,
4. y=x’-1, x=0, y=x-5,
15,y=x3—2, x=0, y=x-6,
6. y=x>+3, x=0, y=x+7,
17. y=x>+2, x=0, y=x+6,
18. y=x"+1, x=0, y=x+5,



19. py=x’ -1,

20. y=x>=-2, x=0,

x=0, y=x+3,
y=x+2,

x==-2

x=-3

V. Bblunciuth 00beM Tela, 06pa30BaHHOroO BpamieHueM Bokpyr ocu OX kpupoii

L.

. x*=—y=0, x=-1, y=0
3. x°+2y=0, x=1, y=0
5. x° =0, x=1, y=0
7. X — y2=0, x=0, y=-1
9. x—y*=0, x=0, y=1

11. y=—4x x, x=0, y=4
13. y=4x°, x=0, y=4

15,y=1+8x3, x=0, y=9
17. y=—4x3, x=-1, y=0
19. y=4x3, x=-1, y=0

2.x°+y=0, x=0, y=-1
4. x°—y=0, x=0, y=1
-y*=0, x=1, y=0
8. x+y =0, x=-1, y=0
10 x+y =0, x=0, y=1
12 y=—4x3, x=1, y=0
14. y=4x’, x=1, y=0
16 y=4x3, x=0, y=—4
18 y=—4x3, x=0, y=—4

KOHTPOJIbHA PABOTA Ne 5

[. I3MeHuTh MOPAIOK MHTETPUPOBAHUS B JBOMHOM HHTerpaine. ChenaTh 4yeprex

00J1aCTH UHTETPUPOBAHHSL.

—-2x+6

’ j de [ f(x,y)dy

-8x2

4x+4

3 j dx j £ (x, p)dy

5 j dx ff(x,y)dy

-8x°

7 j dx [ f(x,y)dy

-2x-6

1 —8y3

o [y | FCxep)ay

0 —4y-4
0 8y’

o [y [ £ pay
-1 2y-6
1 2y+6

6. [dv [ £(x,p)dy
0 8y°
0 -4 y+4

s, [dv [ £ p)ay

-1 —8y3



-8x°

f dx [ fCx )y 10. fdy sff(x, y)dy

—4x-4 -1 4y—4
. I dx I f(x,y)dy o fdv [ Feepdy
I
13, I s [ reepay u Jav [ £Gepdy
—/8x—x? -3 —/—4 y—y?
N-dx-x? 7 8y— y2
is. Idx I f(x,p)dy 6. [av [ £,y
.
17, I s [ reona s o [ £ may
——6x—x? 1 —Jdy—y*
V8x— x? 4 0
19. I dx j £ (x, p)dy 2. j dy [ fCxp)dy
—6y-y?

II. A. Beruncnuts 00beM TCJa, OrPAHUYCHHOI'O 3alaHHBIMU IMMOBCPXHOCTAMU. CJIC-
JIaTh CX€MATHYECCKUM YCPTCIK.

1. X +y2= , y+2z—-4=0, z=0
CxP+yi =1, y+2z+2=0, z=0
Cx'+y' =4, y-27-4=0, z=0
x4y’ =1, y-2z-2=0, z=0
Cx'+y'=9, p+2z-6=0, z=0
z2=0
z=0
z=0
z=0

CxP+yi =1, y-27+2=0,
X'+ =4, y+2z+4=0,

2
3
4
5
6. X' +y*=4, y-2x-4=0,
7
8
9

CxXT+yi =1, y+27-2=0,
10. x> +y*=9, y-2x+6=0, z=0

b. Beinmoauuth CICAYIOIIHC 3a1aHnA, CACTIAaB CXEMaTU4YeCKUI YCPTCIK.
1. Haiitu MacCy OOHOPOIHOTO TCJ1a, OTPAaHUYCHHOTO IMOBCPXHOCTAMH

x*+y=3, 2y-7z=0, z=0



2. HailTu wMaccy OAZHOPOOHOTO TEla, OrPAaHUYEHHOTO MOBEPXHOCTIMU
x—y-z=0, y=0, z=0.

3. Haiitmu Maccy OAHOPOAHOTO Tena, OrPAHUYEHHOTO MOBEPXHOCTIMU
x'+y-4=0, y-2z=0, z=0,

4. HailTu Maccy OAZHOPOOHOTO TeENa, OrPAaHUYEHHOTO MOBEPXHOCTIMU
x—y+z=0, x=0, z=0.

5. HaiiT MOMEHT MHepuUuH OTHOCcUTenbHO ocu (O OXHOPOIHOrO Tena, OrpaHM-
gexHoro nosepxuoctsmu X+ y—1=0,x+y—-1=0,x=0,z=0,z—-2=0.

6. Haiitu Maccy OAHOPOAHOTO Tena, OrPAHUYEHHOTO MOBEPXHOCTIMU
x*+y-2=0, 3y-2z=0, z=0

7. Hautm Maccy OIHOPOJHOIO Teja, OIPAHUYEHHOIO IOBEPXHOCTIMHU
3y+z=0, x-2=0, z=0.

8. Haiitm Maccy OJHOpPOJHOrO Tella, OIPAHMYEHHOIO IOBEPXHOCTAMH
x’+y-1=0, y-2z=0, z=0,

9. Haiitm Maccy OAHOPOAHOTO TeNa, OrPAHUYEHHOTO MOBEPXHOCTIMU
x-3y=0, 2x-z=0, y-2=0, z=0.

11. HaiiTu MOMEHT MHEpIMHU OTHOCUTENBHO och OF OIHOPOAHOrO Tesa, OrpaHu-
YEHHOTO IMOBEPXHOCTAIMH X + y = 0, X—)y= 0, x-1=0,z=0,z=3.

III. A. TpebGyercsi: 1) HalTU MOTOK BEKTOPHOTO MOJs @ YEpe3 3aMKHYTYIO

noBepXxHOCTh O = O + 0, (BbIOUpaACTCsl BHEIIHAS HOpPMalb K O ); 2) BBIYUCIUTH

—

LMPKYJISALNUI0 BEKTOpHOro mons @ mo koutypy I, oOpasoBaHHOMy nepecedeHHEM

nmoBepxHocTelt O, u O, (HampaBieHHE 00X0jJa JOKHO OBITh BHIOPAHO TaK, YTOOBI

00macTh, orpanudeHHas kontypom I, Haxogumace ciesa); 3) IPOBEPHUTH
MIPaBUIBHOCTh BBIYMCIICHHBIX 3HAYCHUW IMOTOKA M IUPKYJSAIHUHA C MTOMOINBIO (HOpMYJT
Octporpanckoro u Crokca; 4) naTh 3aKJIIOUYCHUE O HAJIMYUU UCTOUYHHKOB WJIM CTOKOB
BHYTpPH O0OJIACTH, OTPAaHWYCHHOW IOBEPXHOCTBIO O ; 5) caelarh CXeMaTHYCCKUI
YepTek TMOBEPXHOCTH O .

.a=3y=5x)i +(6x+5y)y+(4z—xy+4)k,
o, :x*+y'=(z+1)?, o,:z=1.
2.a=(x—-p)i +2x+p)y+ (x> +2z7+ 4k,
o, :x'+y'=(z+2), o0,:z=4.
3.a=03x+2p)i +(5x=2p)y+(3z—y* -3k,
o,:x'+y'=(z-1)° o,:z7=3.



4. a=0Bx—4y)i +By—-x)y+(xy—2z+4)k,
o,:x'+y'=(z-2)°, o,:z2=4.

5.a=(=x—2y)i +(x+2p)y+(3z—2xpy+9)k,
o, :x*+y*=(z+3)’, o,:z=-1.

6. a=(Tx+5)i +(8x—p)y+(3xy—27—2)k,
o, :x'+y' =@+, o,:z=-3.

7. a=(2x=3y)i +(5z—4p)y+(6z—2y> —6)k,
o, :x’+y'=(z-1)?, o,:z7=-1.

8. a=(6x+57)i +(3x—y)y+ 2y’ —z+4)k,
o, :x’+y'=(z-4)’, o,:7=6.

9. a=(y—2x)i +(dx+3p)y+(3z—2y* +9)k,
o, :x*+y*=(z+3)’, o,:7=-5.

10, @ = (5x+4y)i +(Tx=2y)p+ 2xy + 27— 4)k,

o, :x'+y' =(z-4), o,:7=2.

—

b. BemmonsuTh TE XKE 3aaHusA, 4YTO U B II. A, B3sIB B Ka4CCTBC BCKTOpPA a BCKTOPD

rota.

11. 5=(2x—z);'+(2y—xz)}+(4—2x);;01:x2+y2+2z+3=0,
o,:7=-2.

12. 5=(x+2);+(y—xz)}+(3—z);;al:x2+y2+2z+1=0,
o,:z=-1.

13. 5=(2x+z);+(2y—xz)}+(3+x);;0'1:x2+y2+2z—3=0,
c,:z=1.

4. G=(x—-6)i+(xz—p)j+A+z)k;0, x> +y  +27-5=0,
c,:7=2.

15. 5=3z;'+(4—xz);'+(z2+3x);;01:x2+y2+2z—7=0,
c,:z7=3.



16. 6=(x+z);+(y—xz)}+(2z+x);;cl:x2+y2—2z—3=0,
o,:7=-2.

17. E=2x;+(xz—2y)}+(4+z2);;01:x2+y2—2z+1=0,
o,:z=-1.

18. G=Qx—2)i+(xz=2y)j+(x—2)k;0,:x +y* —27+1=0,
c,:z=1

19. G=Cx+2)i+By—xz)j+(1+x)k;0, x> +y’ —27+3=0,
c,:7=2.

20. 6=(x+1);+(y—2—xz)}+z;;cl:x2+y2—2z+5=0,
c,:z7=3.

KOHTPOJIbHAA PABOTA Ne 6

L. I/ICCJICIIOBaTB Ha CXOOAHNUMOCTDb YHUCJIIOBOM paa € IIOMOIIBHO AOCTATOYHBIX
IMPU3HAKOB CXOAUMOCTH.

1 g42:3+_51 ) gn;n 3

5 2 25:3+_ 43 . 2 5n3: 4
ey o 2

9 264:3:-35 10. 22”; &

1 gln2(1+%] . g(ei_lj
13 isml-:n 14. in arctg —



n=1 n

= 1 2
Z—arctg

parsl /) n-—1

II. Haitu pamuyc W HHTEpPBAI CXOAUMOCTH CTEIEHHOIO psla.

16.

18.

20.

- 3
S(-57)
isin n-2

- n*+5
i 1—cos2n
‘o 3In+4

CXOOUMOCTD pdada Ha KOHIIAX MHTCpPBajIa CXOAUMOCTH.

» 32 (e-oy

' ; In(4n +2)
2

21’1 +3(x 3)n

o~ n”—4 "

00 2

S ey
2

(Zx)Zn

(x-3)"

Dol

12.

14.

16.

18.

20.

n=3 6n

UccnenoBath

ITI. Beraucnuth TpUOIMKEHHO OIpeeICHHBIN HHTETpasl, UCIOJIB3Ysl Pa3IOKEHUE



MOJBIHTErpaJbHON (DYHKIIMM B CTENEHHOW psii W TOWIEHHOE HWHTErPUPOBAHUE
MOJIYYEHHOT0 psifia. Pe3ynbTaT 10KeH ObITh monyyeH ¢ TouHocThio 10 0,001,

0 2 0
sin 2x
I sm—dx 7 J' —dx
-0,4 -0,25 X
0 0
1—cos3 4x?
3 I x dx 4 J' sin ——dx
% x -0,75 3
0 0 3
10 x? In(1-2x")dx
5 J' cos —dx 6 J' ( )
- -0,3 3 -0,2 X
0 . 0,16
7 Ie‘sx dx ] J'e_‘/;dx
-0,2 0
0 2 0
sin —dx arctg x*dx
9. :[ 5 10. :[
0 2 0,6
In(1-x ¢ sin 0,6 xdx
11. I — 12. I
-0,5 X 0
0,1 1
( dx
13. )i 0—— 14, ] sin x’dx
'!). V8 + x* 1[1
0,5 , %
15. ‘!'e dx 16. J'arctgxzdx
0
0 0,1 _2x
dx re " —1
_ —dx
17. 18.
_'(!:2 \ 1+ x3 .(‘). X
0 1
9 J'xe‘“sdx 2. Icos N 2xdx
-0,5 0

IV. A. TlpencraButh pyHkiuo W = f(z) xommuexcHoit MIEPEMEHHON $ B BUJIE
CTENEHHOTO psAxa. Vcmosb3ys MONy4eHHOE NPEACTABICHUE, HAUTU CYMMY psla NP
T=2 .

. i . i
1. f(z)=cosiz; z, =_? 2 f(z)=cosinz; z, =—



7l nzi 2i

3. f(z)=siniz; z, = _? 4. f(z)= SinT; 20 = 3
~iz 4 ~iz 3n
5. f(2)=e 752y =—— 6. f(z)=e A;Z():__
2 2
. . i . 7Tl
7. f(Z) = Ssin le; %0 = —Z 8. f(z) = COS zlz; 2o =E
NS S -

b. Hantu cymmy pszga, HCHONB3YS pas3lOKEHUs B CTCIEHHOW  psij
COOTBETCTBYIOIIUX (PYHKUUNA KOMILIEKCHON MEPEMEHHOIA.

(L ? 3 .
11. +?z—22.2'-23.3',...24.4'...,,,
1_|_77:2 ' ¢
T RVTIAPS
PP A S A
B 273 3 T 333 T 3t
PR LA A S A
42T 62 6°.31 6.4
1-Zi- il + L2 i+ Ll +
S RVTICTRAPENE TR TN TI
3 5 7
L TP A SO A S
2 23.31 2%.51 27t
1-Zi- il + L i+ il +
R S TP TR XIE TR YU TR
(L ? 3 .

8. 14 i it g e
T+z%i+zﬁi+zﬂi+2?i+
9. T3 T gy Ty T T
1+22+24+26+
0.5 0 T e T

V. Ipeacrasuts nepuoguueckyio Gynknmo f (X) | 3amarnyro Ha momymepuone



[0, l], pAaIOM CDpre II0 CHHYCaM WM KOCHHYCaM.

rpaduk cymMMbl osry4yeHHOro psana dypebe.

1

[\

W

N

9,

]

o0

S(x) =5
S(x) =5
S(x) =5
S(x) =5
S(x) =5
S(x) =5
S(x) =5
S(x) =5

-

\
f

\
f

\
f

\
f

\
f

\

. /4
l1+sinx,0<x<—
2noxoczmycam
/4
0, —<x<nm
2
/4
- 2 no cunycam
—COSX, —< XST
2
/4
. 2 no KoCuHnycam
—sinx, —< x<7
2
/4
- 2 no cunycam
cosx,?<x£7r

/4
no KOocuHnycam

\ /4

sin x, E <XxX<7m

/1

2 no cunycam

1+cosx,0< x<

T
0,E<XS7T

0,0

IA

T
x< —
2 no KocuHycam

Cosx, —<X=<7

N |

/4
no cunycam
\ /4
—s1nx,;£x£7z:

MOCTOUTh TpapuK (QYHKIUU U



9.

10

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

)
T
f(x) =5 2 po KOCUHycam
. T
s1nx,;£x£n:

\
f

T
f(x) =5 2 po cuHycam
: ] T
sinx, —<x<7

2x;0<x<3

L
)
f(x)={ 6:3<x<6 no cunycam
-x;0<x<2,
f(x)={_2;2<xS4 no KocuHycam
150<x<1,
f(x)={2_x,1<xsznocuuycam
-2;0<x<1,
f(x)= {2x—4; {<x<? no KOCUHycam
f(x)={x;0£xS2, no cunycam
2;2<x<4
—-2x;0<x<3,
f(x)={—6;3<xs no KocuHycam
3;0<x<3,
f(x)={_x+6;3<xs6nocunycam
—4;0< x<2,
f(x)= {2x—8; < x<d no KoCuHycam
3x;0<x<1,
f(x)={ 31<x<2 no cunycam
-x;0<x<3,
f(x)={—3;3<x£6 no KocuHycam

I[MPUJIOXEHHMA

IIPUJIO’KEHHE 1



Tabnuia mporu3BOIHBIX
OCHOBHBIX 3JIEMEHTAPHBIX () YHKIIHHA

1. (x") =nx"". 2. (sin x)' = cos x.
3. (cos x)' = —sin x. 4. (fgx) = ——.
cos” x
1 . , 1
5. (ctgx)' = - —. 6. (arcsin x)' = ——.
sin” x 1-x’
7 (arccos x)’ 1 8 ( ) I
. = - : arctgx )’ = .
V1-x’ & 1+ x?
’ 1 X\’ X
9. (arcctgx )’ = — > 10. (a’) =a Ina.
1+x
X\’ X ’ 1
11. (e’) =e". 12. (log, x) = .
xIna
, 1
13. (Inx)' =—.
X

OcHoBHbIe TTpaBwiia TuQhepeHInpoOBaHUS

u u'v—uv'

a)(C)'=0; 6)(uxtv) =u'"£tv'; 6)(uwv) =u'v+uv'; 2) (—) = =
v

Bnece C = const, u u v - muddepentmpyembie GyHKIHN.

IIPUJIO’KEHHUE 2

Tabnuua npocTelInX UHTETPaJIoB

1. jx"dx=x +C(ne-1)| 2. J‘d—x=ln‘x‘+C
X

3, J'axdx=“_+c 4. jexdx=ex+C




5. J'cosxdx=sinx+C 6. J'sinxdx=—c0sx+C

dx dx
7 J' —=tg x+C 8. J' o =—cg x+C
Cos " x sin” x
dx . X d 1
9 jﬁ = arcsin —+C 10. j% =—arctg £+C
/a —x a X" +a a a

a+ﬂ+

dx
—=ln‘x+\/x2+a
a—x| €l ij2+a2
+C

J- dx B 1ln
a’—x* 2a

1.

1IPUJIO)KEHUE 3
Paznoxenue B psaag Maxkiiopena
HEKOTOPBIX PYHKIUI
. x? X x"
e =1l+x+—+—+..+—+..; —0< X< +00;
! 3 n!
x3 xS x2n+1
sinx=x—-——+——...+(-1)' ——+...; —00< x<+0©;
3 5! (2n+1)!
2 4 2n
X X
cosx=1-—+——...+(-1)" 4.y —0< X< +00;
2! 4 (2n)!

m(m—1 m(m—1)...(m—-n+1)x*"
(1+x)'”=1+mx+(—)x2+...+ ( )---( ) " s
2! n!

—-1<x<1;
1 2 n
" =l+x+x +..+x" "+ —1<x<l1;
- X
x> X x"
1n(1+x)=x—7+?—...+(—1)"—1—+...; -1<x<1.
n

IIPUJIO’KEHUE 4




2

. (x) — e -x%/2
Ta6muna 3HaueHnii pynxmyn P N
0 1 2 3 4 5 6 7 8 9
0,0 0,3989 3989 3989 3988 3986 3984 3982 3980 3977 3973
0,1 3970 3965 3961 3956 3951 3945 3939 3932 3925 3918
0,2 3910 3902 3894 3885 3876 3867 3857 3847 3836 3825
0,3 3814 3802 3790 3778 3765 3752 3739 3726 3712 3697
0,4 3683 3668 3652 3637 3621 3605 3589 3572 3555 3538
0,5 3521 3503 3485 3467 3448 3429 3410 3391 3372 3352
0,6 3332 3312 3292 3271 3251 3230 3209 3187 3166 3144
0,7 3123 3101 3079 3056 3034 3011 2989 2966 2943 2920
0,8 2897 2874 2850 2827 2803 2780 2756 2732 2705 2685
0,9 2661 2637 2613 2589 2565 2541 2516 2492 2568 2444
1,0 0,2420 2396 2371 2347 2323 2299 2275 2251 2227 2203
1,1 2179 2155 2131 2107 2083 2059 2036 2012 1989 1965
1,2 1942 1919 1895 1872 1849 1826 1804 1781 1758 1736
1,3 1714 1691 1669 1647 1626 1604 1582 1561 1539 1518
1,4 1497 1476 1456 1435 1415 1394 1374 1354 1334 1315
1,5 1295 1276 1257 1238 1219 1200 1182 1163 1145 1127
1,6 1109 1092 1074 1057 1040 1023 1006 0989 0973 0957
1,7 0940 0925 0909 0893 0878 0863 0848 0833 0818 0804
1,8 0790 0775 0761 0748 0734 0721 0707 0694 0681 0669
1,9 0656 0644 0632 0620 0608 0596 0584 0573 0562 0551
2,0 0,0540 0529 0519 0508 0498 0488 0478 0468 0459 0449
2,1 0440 0431 0422 0413 0404 0396 0387 0379 0371 0363
2,2 0355 0347 0339 0332 0325 0317 0310 0303 0297 0290
2,3 0283 0277 0270 0264 0258 0252 0246 0241 0235 0229
2.4 0224 0219 0213 0208 0203 0198 0194 0189 0184 0180
2,5 0175 0171 0167 0163 0158 0154 0151 0147 0143 0139
2,6 0136 0132 0129 0126 0122 0119 0116 0113 0110 0107
2,7 0104 0101 0099 0096 0093 0091 0088 0086 0084 0081
2,8 0079 0077 0075 0073 0071 0069 0067 0065 0063 0061
2,9 0060 0058 0056 0055 0053 0051 0050 0048 0047 0046
3,0 0,0044 0043 0042 0040 0039 0038 0037 0036 0035 0034
3,1 0033 0032 0031 0030 0029 0028 0027 0026 0025 0025
3,2 0024 0023 0022 0022 0021 0020 0020 0019 0018 0018
3,3 0017 0017 0016 0016 0015 0015 0014 0014 0013 0013
3,4 0012 0012 0012 0011 0011 0010 0010 0010 0009 0009
3,5 0009 0008 0008 0008 0008 0007 0007 0007 0007 0006
3,6 0006 0006 0006 0005 0005 0005 0005 0005 0005 0004
3,7 0004 0004 0004 0004 0004 0004 0003 0003 0003 0003
3,8 0003 0003 0003 0003 0003 0002 0002 0002 0002 0002




3,9 0002 | 0002 | 0002| 0002| 0002| 0002| 0002| 0002 0002| 0001
IIPUJIOJKEHUE 5
1 ¢ _o
. (x) — J'e—x /2dz
Tabnuua 3HaueHuil GyHKIUU ¢ /—271_ )

X D(x) X D(x) X D(x) X D(x)
0,00 0,0000 0,24 0,0948 0,48 0,1844 0,72 0,2642
0,01 0,0040 0,25 0,0987 0,49 0,1879 0,73 0,2673
0,02 0,0080 0,26 0,1026 0,50 0,1915 0,74 0,2703
0,03 0,0120 0,27 0,1064 0,51 0,1950 0,75 0,2734
0,04 0,0160 0,28 0,1103 0,52 0,1985 0,76 0,2764
0,05 0,0199 0,29 0,1141 0,53 0,2019 0,77 0,2794
0,06 0,0239 0,30 0,1179 0,54 0,2054 0,78 0,2823
0,07 0,0279 0,31 0,1217 0,55 0,2088 0,79 0,2852
0,08 0,0319 0,32 0,1255 0,56 0,2123 0,80 0,2881
0,09 0,0359 0,33 0,1293 0,57 0,2157 0,81 0,2910
0,10 0,0398 0,34 0,1331 0,58 0,2190 0,82 0,2939
0,11 0,0438 0,35 0,1368 0,59 0,2224 0,83 0,2967
0,12 0,0478 0,36 0,1406 0,60 0,2257 0,84 0,2995
0,13 0,0517 0,37 0,1443 0,61 0,2291 0.85 0,3023
0,14 0,0557 0,38 0,1480 0,62 0,2324 0,86 0,3051
0,15 0,0596 0,39 0,1517 0,63 0,2357 0,87 0,3078
0,16 0,0636 0,40 0,1554 0,64 0,2389 0,88 0,3106
0,17 0,0675 0,41 0,1591 0,65 0,2422 0,89 0,3133
0,18 0,0714 0,42 0,1628 0,66 0,2454 0,90 0,3159
0,19 0,0753 0,43 0,1664 0,67 0,2486 0,91 0,3186
0,20 0,0793 0,44 0,1700 0,68 0,2517 0,92 0,3212
0,21 0,0832 0,45 0,1736 0,69 0,2549 0,93 0,3238
0,22 0,0871 0,46 0,1772 0,70 0,2580 0,94 0,3264
0,23 0,0910 0,47 0,1808 0,71 0,2611 0,95 0,3289
0,96 0,3315 1,16 0,3770 1,36 0,4131 1,56 0,4406
0,97 0,3340 1,17 0,3790 1,37 0,4147 1,57 0,4418
0,98 0,3365 1,18 0,3810 1,38 0,4162 1,58 0,4429
0,99 0,3389 1,19 0,3830 1,39 0,4177 1,59 0,4441
1,00 0,3413 1,20 0,3849 1,40 0,4192 1,60 0,4452
1,01 0,3438 1,21 0,3869 1,41 0,4207 1,61 0,4463
1,02 0,3461 1,22 0,3883 1,42 0,4222 1,62 0,4474
1,03 0,3485 1,23 0,3907 1,43 0,4236 1,63 0,4484
1,04 0,3508 1,24 0,3925 1,44 0,4251 1,64 0,4495
1,05 0,3531 1,25 0,3944 1,45 0,4265 1,65 0,4505
1,06 0,3554 1,26 0,3962 1,46 0,4279 1,66 0,4515
1,07 0,3577 1,27 0,3980 1,47 0,4292 1,67 0,4525
1,08 0,3599 1,28 0,3997 1,48 0,4306 1,68 0,4535
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HHKECHEPHBIX CNIENHMATbHOCTEH BBICIINX YUYeOHBIX 3aBeCHUH
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PEKOMEH/JIAIIMH 110 BBIITOJIHEHWIO
N OOOPMIJIEHUTIO KOHTPOJIBHBIX PABOT

Lenp npenogaBaHusi MaTEMAaTUKU B By3€ — O3HAKOMHUTH CTYJEHTOB C OCHOBAMH
MaTeMaTHYeCKOro armapara, HeOOXOJUMOro JJisi PElICHUS TEOPETUUYECKUX U TIpaK-
TUYECKUX 3a/ad; MPHUBUTH CTYIACHTAM YMEHHE CaMOCTOSITEIbHO H3Yy4aTh Y4eOHYIO
JUTEpPaTypy MO MAaTEMAaTUKE U €€ MPHUJIOKEHUSIM; Pa3BUTh JOTUYECKOE MBIIUICHUE U
MOBBICUTh OOITMH ypOBEHh MAaTEeMAaTHUYECKON KYIBTYpbI; BbIpaOOTaTh HaBBIKa Mare-
MaTUYECKOr0 MCCIEIOBAHMS MPUKIAAHBIX BOIPOCOB M YMEHHE NEPEBECTH 3a/Jady Ha
MAaTEMaTUYECKUU A3BIK.

Hacrosiiiee mocoOue ist CTyJI€HTOB-3a0YHUKOB COJEPKUT METOJUYECKUE YyKa3a-
HUS ¥ KOHTPOJIBHBIC 33JIaHMS 110 KypcaM aHAJIUTHYCCKON TeOMETPHH, JTUHEHHOM anred-
pbl, MaTEMATHYECKOTO aHan3a, (DYHKIMH KOMIUICKCHON IEPEMEHHOW, TEOpHs IO,
YUCJIOBBIX M (DYHKIMOHAIBHBIX PSIOB, MU depeHIINaNIbHBIX YPABHCHUN W ypaBHEHUU
MaTeMaTHYEeCKOW (PU3HUKHU, TCOPUU BEPOSTHOCTEH U MAaTEMAaTHYECKOW CTaTUCTHUKH.

Bcero mpemgycmarpuBaeTCsi BBIMOTHEHHE BOCBMU KOHTPOJBHBIX Pa0OT, MpUYEM
KakJIoe 3amanue coiepkut no 20 BapuaHTOB. Ilepen BBIIONHEHHMEM KOHTPOJIBHOMU
paboThl CTYACHT MOJDKEH H3YYHTh COOTBETCTBYIOIIME pPa3fleibl Kypca MO y4eOHBIM
mocoOMsIM, PEKOMEHyeMbIM B JIaHHOW KHUTE. B Hel ke MaroTcs Takke HEKOTOpHIe
HayaJlbHblE TEOPETUYECKHE CBEJICHUS M TMPUBOIATCSA PELICHUS THUIOBBIX IMPUMEPOB.
Ecnu cTyAeHT UCTIBITHIBAET 3aTPYIHEHHS] B OCBOEHUU TEOPETUYECKOTO WIIM MPaKTHYEeC-
KOr'0 Marepuasia, TO OH MOXET MOJYYUTh YCTHYIO WM MHUCbMEHHYIO KOHCYJIBTAIUIO Ha
y4eOHO-KOHCYJIHTAIlMOHHBIX MTYHKTaX.

Kaxxnast konTponpHas paboTa AOMkKHA OBITH ClEIaHa B OTACIBbHOW TeTpaju, Ha
00JI0’KKE KOTOPOH CTYACHTY CleAyeT pa30opyMBO HANHMCATh CBOIO (haMUJIUIO, WHHUIIN-
anel M anpec, mudp, HOMEp KOHTPOJBHOW PaOOTHI, Ha3BaHWE AUCIMIUIUHBI £ AATy
OTMPaBKH pabOTHI B HHCTHUTYT.

Pemenus 3aga4 He0OX0MMO MPUBOAUTE B TOM K€ TOCIEIOBATEIHHOCTH, YTO U B
ycloBusxX 3anad. Ilpu aTom ycnoBue 3agauM JOJDKHO ObITh MOJIHOCTBIO MEPEHUCAHO
IEepE] €€ PELICHUEM.

B npoperieH3npoBaHHOM 3a4TEHHON pad0Te CTYJEHT JIOJDKCH UCIIPABUTh OTMEUCH-
HBIE PEIIEH3CHTOM OIMIMOKH M Y4eCTh €r0 peKOMEH AU U COBeTh. Ecnu ke paboTa He
3a4T€Ha, TO €€ BBINOJHSIOT €II€ pa3 U OTIPABIAIOT HAa MOBTOPHYIO PELEH3UIO.
3auTeHHBbIE KOHTPOJbHBIC PaOOTHI MPEABSBISIIOTCS CTYACHTOM IpPH Claye 3adera HWiIn
JK3aMEHaA.

B cnyyae HeoOXOAMMOCTH BCE€ JONOJHUTENbHBIE CBEICHMS, CBSI3aHHBIE CO
crienuPuKON y4yeOHBIX IJIJAHOB JAHHOTO By3a WJIM C METOJMKOW H3Yy4eHHUs Kypca,
NPUHITOW B OTOM BY3€, COOOIIAIOTCS CTyIeHTaM Kadenpamu BbICIICH MaTEeMaTHKU
BY30B JIOMIOJIHUTEIHHO K HACTOSIIEMY TTOCOOHIO.
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METOIMYECKHUE YKA3AHUA K KOHTPOJIBHBIM PABOTAM
KOHTPOJIBHAS PABOTA Ne 7

ANDOOEPEHIIMAJIbHBIE YPABHEHWAIL.
YPABHEHUA MATEMATUYECKOU ®U3MKHU

OcCHOBHBIC TCOPETUICCKUC CBCACHUA

Obwum  pewenuem  muddepeHINATBPHOTO ypaBHEHHUS IEPBOTO  IMOPSIKA
HaspiBaeTcs juddepenuupyemas ¢pynkmus Y = @(x,C) | xoropas npu mo6om
3HAYEeHNH MPou3BONbHON moctosuHON C  sgBnseTcs pemeHWeM TaHHOTO YpaBHEHHS.
Pemrennst, monydarommuecss u3 obmero pemenns Y = @(X,C) npu onpenenertom

3HAa4YCHUN HpOHBBOJ’IBHOﬁ MOCTOSIHHOM C , Ha3BbIBAKOTCA  YACMHBLIMU. 33,[[3‘-13

HaXO0XIACHUA YaCTHOI'O pCHICHUS, YAOBJICTBOPAOMICTO HAYAJIbHBIM YCIIOBUAM y= y()

npu X = X, (mpyras 3ammcek Y| ___ = Yo ), Ha3sIBaercs 3adayel Kowu.
X=X

I'padux Besikoro pernenust Y = @(X) mansoro muddepeHINaIbHOTO ypaBHEHHS,

nocTpoeHHbI Ha Tockoctn  XOY | HaswbBaercs ummespanvhoil  Kpugol ITOTO
YpaBHEHHUS.

2. YpaBHeHue Buaa Y "+ A(x )y = B(X) wnasbiBactcs qumeiinoiv.  Ecnu

B(x)=0, 1o ypaBuenne mHaswBaetcs o00nopoomwim; ecin  B(x) #0-
HeoOHopoOHbim. (OOIIee pernieHue OJHOPOJHOTO YPaBHEHUS IONIYYaeTCs IyTeM
pasaerneHus IepeMEeHHBIX; 00IIIee pelieHne HEOJHOPOIHOTO YPAaBHEHHMSI TTOJTYJaeTCs U3
00IIIeTO penIeHus] COOTBETCTBYIOMIETO OJHOPOIHOTO YPaBHEHUS C TIOMOIIBIO BapUallun
NPOU3BOJILHOM TocTosiHHOM nHTerpupoBanus C .

JlaHHOE HEOMHOPOAHOE YPAaBHEHHE MOXHO WHTETPHUPOBATH TAKXKE C IMOMOIIBIO
3ameHbl Y = UV  rne U, V — nBe HEU3BECTHbIE (DYHKIIHH.

3. Jupppepenyuanvruoe ypagnenue n-co nopsaoka, pasperieHHOE OTHOCHUTEIHHO

o ’ -1
[IPOU3BOJHOM, HUMeEeT BUA Y ™ = f (x s Yo Y geees Yy (" )). 3agaya HaXOXKICHUS

pemernst Y = @(X) maHHOTO YpaBHCHHS, VAOBJICTBOPSIOMIECTO HAYATBHBIM YCIOBHSM
— ’ — (n-1) — 4, (n=1) .
y =Yo; ) L Yo...; Y ‘x_x = DYo wnazeBaercs zaoaueti Kowu.
aidd|]

JInsg HAXOKIAECHHWS 4YaCTHOTO PENICHMsS HWHOIZA MCIONIB3YIOT TaK HAa3bIBACMBIE
KPaeBhbI€ yCIOBUS. JTa YCIOBMH (MX YHMCJIO HE JOJDKHO IPEBBIATH IOPSIKA ypaBHE-
HMs) 3aJaF0TCS HE B OJHOM TOYKE, a Ha KOHIAX HEKOTOPOro MpOMExXyTKa. Kpaesble
YCJIOBUS CTABATCS JIUIID JJIs yPABHEHHI ITOPSIKA BBIIIE [IEPBOTO.

4. Teopema CyIIECTBOBAHMS U €IMHCTBEHHOCTH pelrenus 3amaun Komm. Ecnu B

ypastermn ¥ = (X5 Y5 s ey ¥UTV) pymrams (X, 95 Y5 7))

x=x, x=x



’ (n-1) .
HEIpEPBIBHA 110 BCEM CBOUM aApryMEHTaM Xy Yy YV 5 eeey ¥ B HEKOTOpPOH 00JacTH
D wux wsmenenus; 6) umeer orpanudennsie B oomactu D) wactHBIe mpou3BomHBIE

af of af

’ 9 *e*y [0 aprymeHram Y y' y(”'” TO HaWAETCS WHTEpBaJ
ay ayl ay(n—l) s prym 9 ) 9 e > it p

Xo_, <X<Xxy+h(h>0) na xoropom CymweCTBYeT eIMHCTBEHHOE pELICHHE

Yy =@(x) jpannoro ypasHeHus, yuosnerBopstomee yeiaosuam V(X)) = Y, ;

’ _ ’ (n—l) — (n—l) _ . _ . /_ ,. .
Y(xe)=y4; ¥ (X¢) =Y, , Tie 3HAYeHUSA X = X3 Y = Vo35 Y = Vg5 eees

(n-1) _  (n-1)
Yy =y, conepxarcs B obmactn D .

[IpouHTErprpOBaTh (B KOHEUHOM BUJIE) YPaBHEHUE M -TO NOPsAJIKA MOXKHO TOJIBKO
B HEKOTOPBIX YACTHBIX CIyYasX.
5. Jlunetinoe oughghepenyuanvnoe ypasnenue 6mopo2o nopsaoka ¢ nOCMOSHHbIMU

” ’ _
Koa(puyuenmamu vmeer Bug @,y +a,y +a,y = f(x), rne ay,a,,a, - uucna,
npuaem @y #0 . Ecin f(x) =0, 1o ypaBuenue HaseBaetcst 0dropooHbim, a ecin
f(x)#0 _ HeoOHOPOOHBIM.
2
6. KBagpaTHoe ypaBHEHHE aok + alk +a, = 0 HassBaercs xapakmepucmuyec-
” ’
kum ypaenenuem nuddepeHnmansHOro ypaBHenuss @,y +a,y +a,y = 0. [Iycth
2
D =a; —4a,a, — nuckpuMHHAHT KBagPaTHOTO YpaBHEHHS. BO3MOXKHBI CIIEAYIOLIHE
ciyvas:

1) D>0 — o6mum pemenuem ypaBHeHHs a,y’+a,y’ +a,y =0 spnsercs

kix kyx
! +Cze 2 (kl u k2 - KOPHH XapaKTCPpUCTUYCCKOIro ypaBHC-

byHKIHS Y = C 1€
HUSA);
2) D =0 — o6umm pemennem cuyxur bpyakuus Y = (C, +C2x)€kx (k —

KOPCHb XapaKTCPUCTUICCKOT'O ypaBHeHI/I}I);

3) D<0 — o6mum pemennem ssiusercs dynxuus Y =e” (C, cos fx +
+C,sinfx) (k,=a+fi,k,=a—fi - «xopuu XapaKTepPHCTHYECKOrO
ypaBHEHU).

7. Pemenune MMHEHHOTO HEOHOPOIHOTO (P PEpeHITNATLHOTO YPaBHEHUS BTOPOTO
MOPSAIKA C TOCTOSTHHBIMH KOd()PHUIIEHTaM OCHOBBIBAETCS Ha CICTYIOIIECH TeopeMe.

*
Teopema. Eciiu Y — HEKOTOpOE Y4aCTHOE PELIEHHE HEOAHOPOIHOIO ypPaBHEHHMS
” ’ _
a,y +a,y +a,y=f(x) u Y — obmee pemeHHe COOTBETCTBYIOLICTO
” ’
OMHOPOAHOrO  ypaBHeHums @,y +a,y +a,y = 0, 10 o6mee pelicHne

*
HEOIHOPOIHOI'0 YPaBHEHUSA UMEET BUI Y = Y+y .
YKaxeM MpaBuiIO HAXOXKICHHUS YaCTHOTO PELICHHS HEOAHOPOIHOI'O YPaBHEHUS



METOIOM HEOIPEICICHHBIX KOA(DPHUITUESHTOB.
2
D Oyers f(x) =byx” +b,x +b,; torna:
* 2
a) Y =Ax”"+Bx +C | eciu Hynb He SBISCTCS KOPHEM XapaKTEPHCTHIECKOTO
ypaBHEHUS;
* 3 2
6)y =Ax +Bx"+Cx, eciu wHym sBISeTCS NPOCTBIM  KOPHEM
XapaKTEPUCTUICCKOTO YPaBHCHHSI,

* 4 3 2
B)Y = Ax"+Bx”" +Cx~, ecm HYJIb SIBJISIETCS ABYKPATHBIM KOpPHEM
XapaKTepUCTUIECKOTO YPaBHEHUS.

2) ITycTh f(x)= be*™ ; TOTAA:

* _ A oax
a) Yy =Ae€ | ecnm yucio @ HE SBISETCS KOPHEM XapaKTEPUCTHUYECKOTO
ypaBHEHUS,

* ax
0)y = Axe™ | ccnmu umcno @ sBnsercs KOpHEM XapaKTEepPHUCTUUYCCKOT'O
YpaBHCHUSA,

* 2 ax
B)Y = Ax“e™, ecim  umcno @&  sBisercs JBYKpPaTHBIM  KOpPHEM
XapaKTepUCTUIECKOTO YPaBHEHUS.

3) [IycTh f(x)=e“"(Mcosﬂx+Nsinﬂx) : TOraa:

* ax . .
a)y =e“ (Acos ﬂx + B sin ,3’6 ), eciu uucio &+ Bi e smasercs KOPHEM
XapaKTePUCTUICCKOr0 YPaBHCHHUS;

6) y =xe™(Acos fx+Bsin fix), ecnu uncno @+ i smnserca xopHewm

XapaKTePUCTUICCKOTO YPABHCHHUS;
8. Cuctema quddepeHIIMaTbHBIX YPaBHCHHUH BUIA

)
ox
1
ot = .fl(t9 X9 Xsy eeey xn),
ox
2
< at =f2(t,x1,x2,o-o, xn),
.a.;...... 0000000000 0000000000 0000000000 000
atn = fn(t, xl, xz, eoey xn)o
L
rae Xy9 Xy X, — HeusBecTHble (YHKIUM HE3ABHCHMMON niepeMeHHON [,

Ha3bIBAETCS HOPMALLHOU CUCEMOU.
IIycte pmana cuctema R JHHCHHBIX Ju(QepeHIMaIbHbIX YpaBHCHHH C
NOCTOSIHHBIMU KO3 PUITEeHTaMMU:



[ ox
1
- allxl +a12x2 + XYy + alnxn )
ot
ox
2 _
ax 0000000000 0000000000 0000000000 0000000000 000
a—tn - anlxl +an2x2 + eece +annxn )

DTy cHCTeMy MOXHO 3amucaTh B BHJIE OJHOTO MATPUYHOTO AU(GHEepeHIINATBHOTO

dX
ypaBHEHUs E =AX , TIe

( 3\
(a,, a, — a,) (x,) dx,
A= Ay Ay e Gy, | X = X2, dl= dt
vee cee eee  eee ’ vee ’ dt dxn
\anl an2 eoe ann) \xn) \ dt )

At At At
Pemennie cucrembl umeM B Buae Xq{ =P€ s X, = P,€" 5.y X, =P, €

[ToncraBuB 3HAuECHUU X1y X, ey X, B cuctemy mudQepeHnnanbHbIX YpaBHEHHM,
MOJIYYUM  CUCTEMY  JIMHCHHBIX  anreOpandecKuX  ypaBHGHUHW  OTHOCHUTEIIBHO

DisPrseees Py

(a,, = A)p, + app, + a,,p, =0,
ayp,+ (ap-Ap,+ . a,,p, =0,

a,p,+ a,p,+ w (a,—-A)p,=0.

"

Cucrema J0KHA UMETh HEHYJIEBOE PEILICHHE, IOATOMY JIJISl OIPEIEIECHUS A MOJIy4aeM
ypaBHEHUE M - CTENICHU:

a21 a22 _ﬂr eoe az




[IycTp 3TO XapakTepUCTUUECKOE YpaBHEHHE HMeEEeT M pa3Iu4HbIX KOpHEH

Ais Ays ey A, Torna cucrema i depeHIalIbHbIX YPaBHEHUM nMeeT 1 peleHuit:

1-e pemenne, COOTBETCTBYIONIEE KOPHIO A=A
- Mt _ AMt, _ At
X1 =Pu€ sX3 =Pn€  seees Xy = D€ 5
2-¢ peleHue, COOTBETCTBYIONIEE KOPHIO A=A4,:
— At , — hHt, . —
Xio TP "5 Xy TPy " 505 X, =Dyn€ " s
n-€ pEeLICHHE, COOTBETCTBYIOLIEE KOPHIO A= /1,, :
— At _ Aty _ At ,
xln - plne ’ x2n - pZne 9 *°* xnn - pnne >
[Monyuena GyHmaMeHTanbHas cucTeMa pemenuii. O0Liee peleHne CUCTEMBI UMEET BUJL

r

X, =C X, +€,X,,+wt+C,X,,.

N

9. Ilyctp U = u(x;t) — GbyHKIMSA, XapaKkTepHU3yromash OTKJIOHEHHE TOYeK
CTPYHBI OT IOJOKEHHS PaBHOBECHS B MOMEHT Bpemenu . ®dynkuus U = u(x;t)

yoBJIETBOpSAET AU PepeHIIMAIbHOMY YPaBHEHHUIO

o’u _ ,9d%u

— =a +f,
ot> ox>
2 o
e a° =T,/ p, f=F/p, p — macca equuuusl wmnbl (TMHEHHAS MUIOTHOCTH
crpynnl); F' — cuna, nmeiictByiomas Ha cTpyHy nepreHaukyispao ocu OX wu

pacCuruTaHHasA Ha CIUHUIY OJIMHBI; T 0 — Ha4YaJIbHOC HATsSXKCHMUC.



Ecu f =0 (1. e. BHemmHsIs cumiia OTCYICTBYET), TO MONYYACTCS yPABHCHHC
2 2
o’u  ,0°u

CBOOOIHBIX  KOJNICOAHUM  CTPYHBI EYE =a FYER ITycTs u‘t=0 = @(x),

du|

a_x =y (x), (bopma ¥ CKOPOCTh CTPYHBI B HAaYaJbHbLIM MOMEHT BPEMEHH). DTH
t=0

YCIIOBUS HA3bIBAIOTCS HAYANbHLIMU YCA0SUAMYU 3a0AUU.
Pemenne nuddepenunanbHOro ypaBHEHHsI CBOOOJIHBIX KOJI€OAHUN CTPYHBI
MMEET BUJ

x+at

Iw(z)dz.

x—at

= o(x —at)+ @(x+at) + 1
2 2a

o’u _ ,0%u
Pemrenne nuddepeHIMaIbHOrO yPaBHEHHS Y =a Ox 2 YAOBICTBOpsIOIICE

u

HayaJlbHBIM YCIIOBUSM u‘t=0 = @(x), ox =y (x) U TpaHUYHBIM (KpPaeBbIM)

t=0

=0 | moxer ObiTh MPEACTaBICHO KaK CyMMa

ycnousim W) = 0y u el ,

OCCKOHEYHOTO psijia:

u(x,t) = Z(ak Cos kjlmt +b, sin kjlmt)sin ke ,

k=1 l

rne

2 ¢ k mx 2 k 7x
=~ [ p(x)sin==dx, b, =—— [p(x)sin——dx.
13 ! kma l

['panuuHble ycrmOBUSL BBOJSATCA TPU HU3YYEHUU KOJICOAHUM CTPYHBI JIJTUHBI l,
3aKpEIJICHHOM B IBYX TOYKax X = Oux=1.

[Tpumep 1. Haiitu obmee pemienune ypaBHeHHs XY + e’ +xy "= 0y wactnoe

pelieHne, yaoBneTBopsiomee HadansHomy yenosuto Y(1) =2

Pewenne. Ilepenuiiem nanHoe ypaBHeHHE Tak: XY "+ xy=-—e" u paccMoTpuUM
OJTHOPOJHOE ypaBHEHHE XY ‘“+xy=0=>x(y"+y)=0. Tak kak x # 0 (3nauenue
dy

’
X =0 ue sBIseTCS pelICHHEM HEOXHOPOJHOrO ypaBHeHus), To Y TV = 0= E =



=—y:>d—y=—dx:>lny=—x+lnC:ln%=—x:>y-C-e"

y

PCUICHUC OJHOPOJHOTO YPABHCHUS.

X

— o0Omree

[IpuMeHsieM Jalee MeTo Bapuauuu ImpoussonbHoil moctosunoit C . OGmee

pCLICHHE HEOTHOPOAHOro ypaBHeHHst Oymem wuckate B Buze Y =C(x)e™™;

’ ’ - - ,
y =C'(x)e™” —C(x)e™™ . TlomcraBup 3Hauenms Y u Y B HEOTHOPOIHOE
ypaBHEHUE, OTyINM

X

xC'(x)e ™™ —xC(x)e " +xC(x)e ™ =e™* =>xe *C(x)=e".

Tak kaxk € = #0 1o

dC (x) =1:>dC(x)=d—x:>C(x)=lnx+C-
X

xC'(x)=1=>x

Toncrasus 1o 3Hauenne C(X) B o6mee pernenye HeOTHOPOIHOTO YPAaBHEHHS, TIOY-

aum Yy = (Inx +C)e e oO111ee pelieHne HeoTHOPOJHOTO YPaBHEHUSI.
JIist HAaXOXKACHHMS YaCTHOTO pelneHust mogctaBuM 3uauenust X =1,y =2 B 06-
IIee peIICHHE: y(l) =2=2= (0+C)1 =C=2. 3maunr, Y = (lnx+C)e"x
— YaCTHOE PEUICHNE HEOJHOPOAHOTO YPABHEHUS.
4 ”
[pumep 2. Haiith obmee pemrenue ypaBHenust 2XY = Y 1 4acTHOE PELICHHE,

yrosieropsiomee HauanbHbM yeaopusam (1) =—15 y ‘W=0;y"(1)=1,

” ’ dz dz
Pemenne. Ilycte Y =2Z. Hmeem 2xz _z=0:>2xd_=z:>_=
X <
1d 1
=E-—x:>lnz=51nx+lnC1 :>z=C1\/x.HO z:y”:}y”:CI«/x:
X
3/2 5/2
X 2 2 _ x
=y =C,=—+C,;y==C,xJx+C,=>y==C,=—+C,x+C
y 13/2 25 ) 31 2 y 3 15/2 2 3.
4
CnenoBatensHo, Y = EC 1X 2. Jx +C X + C 3 — obmee pemenne auddepeHu-

aJIbHOTO YpaBHEHUS.
’ ”
UroObl HAWTH 4YacCTHOE pEIICHUE, TOJICTABHM B BBIPAXEHUS IS Ys Y 5 Y

sgauenne X =1:



y(1)=—1:>%C1 +C,+C,; =-1;

y(1)=0= %cl +C, =0;
y)=1=C, =1.

19 2 2
N3 cucrembl ypaBHEHHM C,+C; = 3C, =—— HAaXOJIUM C,=—-=;
15 3 3
3
C,=- g 3HAYUT, UCKOMOE YaCTHOE PEIICHNUE UMEET BU]I

y=xtoJr-2x-2,
15 3 5

[Ipumep 3. Haiitu obmiee pereHue ypaBHEHHS y"+ 4y + 13y =Ssin2x u
2 1

4
YJaCTHOE pPEIICHUE, YIOBJIETBOPSIOIIEE HAYaIbHBIM YCIOBUSIM Yo = E’ Yo = E
mpu X =0,
” 4
Pemienne. Paccmorpum  OgHOpPOIHOE — ypaBHEHHE Y +4y +13y=0.

COOTBETCTBYIOIIEE XapAKTEPUCTUUCCKOE ypaBHEHHe mMeeT Bup K ’+4k+13=0,
orkyma Kk, =-2-3i,k, =-2+3i. Cnenosarensno, Y = e " (C,cos3x+

+C, sin 3x) o6uee pelIeHre OTHOPOAHOTO YPaBHEHHUS.
YacTtHOoe pelieHne HEOMHOPOAHOTO ypaBHEHUS OyaeM UCKaTb B BUJC

y = Acos2x + Bsin2x . Vmeem

4 ”
*

y' =—2A-sin2x +2Bcos2x,y  =-4A-cos2x —4Bsin2x.

HOI[CTaBI/IM 9TU BBIPAKCHUSA B HCOAHOPOAHOC YPABHCHUC

—4A-cos2x —4Bsin2x —8A -sin2x +8Bcos2x +13A -cos 2x +
+13Bsin 2x = 5sin 2x;
(9A+8B)cos2x +(—8A+9B)sin2x = 5sin2x

Y TIOJTy49UM CHCTEMY JJIsl Bhrurcienus kodpuruentos A u B :



9A+8B =0 A=—i
29

3 =

-8A+9B =5 B=i

\ 29

I/ITaK, JaCTHOC PCIICHUC HCOAHOPOJAHOI'O YPABHCHUA UMECT BU/L

*

y = —icos 2x +isin 2x,
29

a 061_1_[66 PCUICHHUEC HCOAHOPOAHOT'O YPABHCHUSA — BUL
oy . 8 9 .
y=e " (C,cos3x+C, s1n3x)—50052x+55m2x.

Haitnem wactHoOe pelieHue, yJaoBIEeTBOPSIOIIEE 3aJaHHbIM HAa4aJIbHBIM YCJIOBUSIM:

2 § 2 10
=—=>C-—=—">=C=—;
V0= 29 T F 1T 59 T 29 T F1 T g

’=-2x"**(C,cos3x +C,sin3x)+e**(-3C, sin3x +3C, cos 3x) +

y =
+£sin2x+§cos2x; y'=L:>—2C1+3C2+E=L:>C2=L.
29 29 29 29 29

HMckomoe yacTtHOe PCHICHUC TAKOBO:!:

y=e** Ec053x+isin3x —ic052x+isin2x.
29 29 29

[Tpumep 4. Haiitu oOuiee penieHre CucTeMbl

dx
d—t‘= x,—3x,,
dx, _ x,—3x,.

dt



Pemenue. [lepenuinem cucremy B BUAE

dx
dx

PaccMoTpuM xapaKTepuCTHIECKOE YpaBHEHHE:

F—ﬂ -3

2
=0=>(1-4)"-9=0=21-A=13= 1, =-2; 4, =4.
-3 1-A
[ToncTaBuM HaWACHHBIE 3HAYECHUS KOPHEW XapaKTEPUCTUUYECKOIO YPaBHECHUSA B
CUCTEMY JIMHEHHBIX anreOpanyecKuX ypaBHEHUNU OTHOCUTEIBHO P1s P .

JLoist A = -2 umeem

{ 1+2)p,-3p, =0 :{_3P1_3p2 =0:>{P1_p2 =0
-3p,+(1+2)p,=0 -3p,+3p, =0 p,—p,=0

(BTOpOE ypaBHEHHE €CTh CICJCTBHE IepBoro). Bossmewm, nampumep, P; =k ; torma

D, =—k . Tlonaras k =1, naiinem p; =15 p, =—1. Urax, ms A = =2 nonyunm
o, _

Tns A =4 umeem

{ (1—4)P1—3P2=0:>{—3P1—3P2=0:>{P1+P2=0
-3p,+(A-4)p,=0 -3p,-3p,=0 p,+p,=0

(BTOpOE YpaBHEHHE eCTh CICACTBHE mepBoro). BossMmewm, nampumep, Py =K ; torma

D, = —k . Tlonaras k =1 , HarimeM Py = 1; D, = -1, Urak, mis A=4 MOJIYYUM

_ 4t — 4

(DYHI[aMeHTaJIBHaSI CUCTCMA peLHeHHﬁI

-2 2t
ws A=-2:x,,=e

b

t, o,
4, _ 4t

CrnenoBaTebHO, O0IIee pelIeHne CUCTEMBl UMEET BH/T

— -2t 4t _ 2t at



Ipumep 5. Jana crpyHa, 3akpervienHas Ha kommax X =0, x =1 TIycts B

HauyanbHBI MOMEHT BpeMeHH QopMa cTpyHsl umeer Bupa Jjomanoit OAB
n300paxxeHHOM Ha puc. 15. Haliti ¢popmy cTpyHBI AJist 110000 MOMEHTa BPEMEHH, €CIIU

20x, 0<x< L,
y(x)= 2
20l —x),—<x <1
y A ; A
0 2 1 X
Puc. 15
PeH_IeHI/Ie. I/I3 PUCYHKA M YCJIOBH: 3a1a49 UMCCM
%x, 0<x< L,
v =1 g, P
—({-x),—<x<l.
2
Haxoaum
1
k7x 4hé

2 4 I
a, = — x)-sin——dx =— | x-sin——dx +
« l;[w ) l 4 l
l
k x
+ | (Il —x)-sin——dx.
J( ) l

2



sin 2™ 4 . kmx
Unrerpan | * *SIN ] X Gepem mo wactav; ¥ =X, dv = sin- ] dx OTKYy/Ia

l kx
du=dx,v=- cos dx cpenoparensio:
kx l

Urak,

)
4}/ kmx 4h ¢ . kmx 4h ¢ . kmx
= 5 Ism dx —— x-sdex

8h . k&

B pesynbrare nonyunm @i = PE Sin 5 - Hlance, Haxomum

)
2 ¢ . kmx 4o /2 . kmx
b, =—jy/(x)-sm—dx =—— | x-sin——dx +
ko l krmo l

1
da | . kmx 4o /% . kmx
+—I(l—x)-s1n dx = x-sin——dx +

kﬂ'a% l ko < l
2

40d ¢ . kmx 4o ¢ . kmx
+——|sin——dx — | x -sin——dx.
ko i ) ko i )

2 2

b 8al” sin kz

OxonyarenbHo nonyunm 2% = )

- Krila 2
Takum o6pa3om, uCkoMast PYHKIUS UMEET BU]I




8 & kzzat a* . kmxot)\ . kx . kax
Z + 3 Sin Sin Sin o
Al l k 2 [

KOHTPOJIBHA PABOTA Ne 8
3JIEMEHTHI TEOPUH BEPOSITHOCTEM

OCHOBHBIC TCOPECTUYICCKHUC CBCACHUA

1. IIpu KIaccM4eckoM OIpeleNeHHa 6eposmuocmsy codblTus A ompenensercs

m
COOTHOIICHHUEM P (A) = ; , Te M — 4YHuCiI0 DJIESMEHTAPHBIX UCXOJA0B HCIBITAHUS,

6JIaI‘OHpI/IH$ITCTBy10H_[HX HACTYIUICHUIO COOBITHSA A ,an — 06Luee YHCJIO0 BO3MOXKHBIX
QJICMCHTAPHBIX HCXOJ0B HCIIbITAHUWA. Hpez[nonaraeTcsl, YTO JJICMCHTAPHBIC HCXOAbI

CAMHCTBEHHO BO3MOKHBI U PAaBHOBO3MOXHBI. OmHocumenvHas 4acmoma cOOBITUS A
A m
eCTh w(A) = ; riae M — YHCIIO UCTIBITAaHUH, B KOTOPBIX COOBITHE A HACTYIWJIO, a

N — o011ee YKiciio MPOU3BEICHHBIX UCTIBITAHUH.

[Ipu craTucTUyeckoM OMpe/IeICHUM B KAaueCTBE BEPOATHOCTU COOBITHS TMPUHU-
MarOT €r0 OTHOCUTEIBHYIO YacTOTY.

2. Cxema ucnbiTanuii bepHyian (MOBTOpeHUE OMBITOB). BeposTHOCTH TOro, 4TO
B M HE3aBUCHUMBIX HCIBITAHUSIX, B KAKIOM U3 KOTOPBIX BEPOSITHOCTH TOSBICHUS

cobertust papaa P (0 < p <1), cobeitie mactymut posHo K pas (6espazmuuno, B
KaKoOM IOCJIeJ0BATEIbHOCTH), €CTh

Pn(k)=C,fpkq”"k, 20e q=1-p (1)

BeposiTHOCTB TOTO, YTO COOBITHE HACTYIIHT:

a) menee k pas: P.O0)+P,(1)+..+P (k-1),
6) 6onee k pas: P,(k+1)+ P, (k+2)+..+P,(n),
B) ue menee K pas: P,(k)+ P, (k+1)+...+ P,(n),
r) ue Gonee k pas: P,(0)+P, (D) +...+P, (k).

3. Ecnu yucno ucnbITaHuii M BENUKO, TO NpuMeHeHue (opmynsl beprymiun
IPUBOAMUT K TPOMO3JKUM BBIYMCIEHUSAM. B Takux ciydasx MoJab3ylOTCs MpeaeibHbIMU
teopemamu Jlannaca.

JlokanbHas TeopeMa Jlamnaca. BepossTHOCTB TOro, 4TOo B 72 HE3aBUCUMBIX UCIIBITA-

HUSX, B KQXJOM U3 KOTOPBIX BEPOSITHOCTD TOSIBJICHUS COOBITHS paBHA P O0<p<]),

coOBITHE HACTYIHUT poBHO K pa3 (6e3pasnuyuHo, B KaKOil MOCIEI0BATETLHOCTH), BBIPa-
YKaeTcs MPUOIMKEHHBIM PABEHCTBOM



P, (k)=

1
—¢(.7C), (2)
\Ipq

1 -x2/ k—np
rae ¢(x)_\/g'e M . OyHKIUSA O(x) — uermas, T. e.

@(—x)=@(x) . IIpu x > 5 moxuO cunratk, uto P(Xx) =0,
NutyrpansHas teopema Jlanmaca. BepositHocTh TOI'O, YTO B F HE3aBUCHUMBIX
UCIBITAHUAX, B KaXJIOM M3 KOTOPBIX BEPOSATHOCTb IOSBJIEHUS COOBITHS paBHA

X =

p (0< p<1), coborrue HACTYITUT HE MEHEE k, pa3 u He Oosee k, pas, BeIpaXkaeTcs
PUOTMKCHHBIM PAaBEHCTBOM

P(kl;kz)zd)(xz)_(p(xl)a (3)
1 ; -¢ k., —np
rae @(x) = 2z ‘(‘;e Adt —  ¢ymkups Jlammaca; X1 T \1/@ ;

k,—np
X, = NMpu X > S mnomnararor ¢(x )=0,5, Oynkuus Jlammaca—uerHas,
\npq

T.e. D(—x)=D(x).
4. HopmanvHvim pacnpeoeneHuem HA3bIBAIOT pacHpeielieHue BEpPOSTHOCTEH

HENpephIBHOM clydaiiHoil BenuunHbl X , MIOTHOCTH paclpe/ieeHusi KOTOPOro UMEET
BU/T

L
e e
o227

rae M — mMareMaTHYecKoe OXMIaHue, a O - cpelHee KBaApPaTHYECKOE OTKIOHEHUE
Beanuunbl X .
BepoartHocTs TOro, uro X HOpUMET 3HAYEHHWE, IPHHAJICKAIEE HHTEPBAIY

f(x)=

(a, ﬂ ) , COCTaBJISAET

Pla<x< p)= @(’B?Tm) _(p(a—_m} (4)

(o}

rre P(x) — pynxuws Jlammaca.
BeposiTHOCTB TOTO, 4TO aOCOIOTHAS BEIMUNHA OTKJIOHEHUST MEHBIIIE TIOJIOKUTEITh-



HOro uKcyia O , BEIPaKaeTcs PAaBEHCTBOM
P(x-m|<0)=20(/) )

5. Eciu muams perpeccurn ¥ wa X — mpsAMas, TO KOPPEISALUIO HAa3bIBAIOT
nunetinoti. Beibopounoe ypaBHeHue npsaMoii miauu perpeccur Y wa X umeer Bua

_ o, _
y.—y=rp-—(x-Xx), (6)
(o)

X

_ Y. n,xy—nxy
no.o,

rne 's

Ecnu nauHble HaGmozenus Haj npusHakamu X u Y 3aj1aHel B BHJE
KOPPENSIIMOHHOW TaONHI[bl ¢ PAaBHOOTCTOSIIIMMHU BapUaHTaMH, TO II€JI€CO00pa3HO

x;,—C, y; —C,

TepeiiTn K yCIOBHEIM BapuaHTam %i = h Vi = h ,rae C; — noxwuwrit
1 2

Hyl1b BapuanT X (B KaueCTBE €ro BBHITOJHO IIPUHATH BAapHAHTY, PAaCIOJIOKEHHYIO
MPUMEPHO B LIEHTPE BAPHAIMOHHOTO Psa K MMEIONIYI0 HanGompmyio acrory); B, —

mar, T. €. PasHOCTh MEXAy cocenHumu Bapuantamu X . Bemmumusr C, u h,
oTHOCSTCS K BapuaHTy Y . B 3ToM citydae BEIGOpOUHBI KOA()(HIUEHT KOPPESLUH.

Z n,uy —nuy
ry = . (7

Benwuuaer U, V, 0,5, O, MOTryT OBITh HalJIEHBI TUOO METOIAOM IPOU3BEICHHIA,
00 HEIOCPEACTBEHHO 10 hopMyTam

E=M;5=M;au = Ji—@) 0, =i - ).
n n

3Has 3TU BEJIUYUHBI, MOXKHO OINPEIEINUTh BXOAALIME B YPABHEHNUE PETPECCUM 3HAYEHUS
o Gopmynam

[Ipumep 1. CoOpanue, Ha KOTOPOM MPUCYTCTBYET 25 4YEJIOBEK, B TOM YHUCIE S
YKEHIIMH, BbIOMpaeT jaeneranuio H3 5 yenoBek. CuuTas, 4TO KaXKIblil U3 IMPUCYTCTBY-
IOLIUX C OJIMHAKOBON BEPOSITHOCTbIO MOXET ObITh M30paH, HaWTH BEPOSTHOCTH TOTO,



YTO B JICJICTAIIUIO BOWIYT 2 )KCHIUHBI U 3 MY)KUHHBI.
3
Pemenne. Yncio Beex crnocoGoB BeiGopa 5 uenosek u3 25 pasao Css, a wmcio
C? 7
croco0oB BbeIOOpa nBYX >keHImUH w3 5 paBHo (5. Kaxknmas takas nBolika MOMKET

. N 3
codeTaThCsl ¢ KaXmoil Tpoikoil m3 20 myxumH. Uncno Ttakux tpoek pasHo Cig.
HckoMast BEpOATHOCTh COCTABIISIET

_C2-C; _ 380
s

25

)

= (,21S5.

[Tpumep 2. C0BO «JIOTOC», COCTABICHHOE M3 OYKB-KyOMKOB, PAacCHINIAHO Ha OT-
neabHbIe OYKBBI, KOTOPBIE 3aTeM CIIOKEHBI B KOpoOKke. M3 KopoOku Hayraj M3BIEKAIOT
OJIHY 3a Jpyroi Tpu OykBbl. KakoBa BEpOSTHOCTH TOTO, YTO IPH ITOM IMOSBUTCS CIIOBO
«CTO»?

Pemenue. BeposaTHOCTh MOsiBJICHUS] OYKBBI «C» paBHA A . BeposiTHOCTB MOsABIIE-

1

HUS BCIE] 32 HEH OYKBBI «T» PaBHA Z, Y, HAaKOHEI], BEPOATHOCTb MOSIBICHUS OYKBbI

2 112 1
«0» paBHa - 5 . Ickomast BEpOsATHOCTH P = g ' Z ' 5 = 5 = 0,033

[Tpumep 3. CinyyaliHO BCTPEUEHHOE JUIIO C BEPOATHOCTHIO (0,2 MOXKET OKa3aThCA
OproHeTOM, ¢ BepOATHOCTHIO 0,3 — OIOHAMHOM, C BEpOSTHOCTHIO 0,4 — IIATEHOM U C
BepossTHOCTBIO 0,1 —pbpkuM. KakoBast BEpOATHOCTh TOTO, YTO CPEAU IATH CIYy4alHO
BCTPEUEHHBIX JIMII: a) HE MEBee YeThIpex OJOHAMHOB; 0) nBa OJOHAMHA H TPU LIATEHA;
B) XOTsI ObI OJIMH PHDKHIA?

Pemenue, a) Mickomast BepoATHOCTB cocTaBisieT [cM. popmyiy (1)]

P =P.(4)+P,(5)=CL0,3)*-(0,7)' +C5(0,3)°-(0,7)" =0,03078

0) Mickomast BepOsSITHOCTh

P =P,(2)+P;(3)=[C;-(0,3)*-(0,7)°1-[C? - (0,4)* - (0,6)*] =
=0,3078 -0,2304 ~ 0,07.

B) Mlckomast BEpOsITHOCTh
P=1-P,(0)=1-C_-(0,1)"-(0,9)* =1-0,6561 = 0,3439.

[Tpumep 4. Urpanbryro kocth noaopaceiBaroT 500 pa3. KakoBa BeposSTHOCTH TOTO,



YTO IIECTepKa Mpu 3ToM Bbinazet 50 pa3?

Pemenue. 3nech n = 500; k =50; D= %; q= 56;

— 15 50 k—np S0-500.1¢
=  —r— — —_® = — =_4.
R A N 50,

= @(4) =0,000134 . 110 dbopmyie (2) HaX0IUM HCKOMYIO BEPOSITHOCTD:

AS)

n
=

~
Il

0,000134
50
%

[Tpumep 5. IlycTh BEPOATHOCTD TOTO, YTO MOKYIMATEII0 HEOOXOAMMO KYMUTH 00YBb
41-ro pa3mepa, papHa 0,2. Halitu BepossiTHOCTB TOTO, 4TO M3 400 mokymnaTenei He 6oee
100 moTpeOyroT 00yBh 3TOTO pasmepa.

Pemenne. Ilo ycmosmo, n=400; p=0,2; ¢=08; k =0; k,=100;
k,—np 0-400-0,2

= .0.2. -8 = -10;
Jnpq =+/400-0,2-0,8 = 8; X, Jnpa g

k,—np _100-400-0,2 _ _
\npq - 8 =25 Cormacno  dopmyne  (3), wuCKoMas

P, (50) = =0,000016.

X, =
BCPOATHOCTH €CTh

P,,(0,100)=d(2,5)-D(-10) =D(2,5)+D(10) =
=0,49379 + 0,5 = 0,99379.

[Ipumep 6. HempeprbiBHas ciydaiiHas BenuuMHa X paclpejielieHa HOPMAJbHO.
Ussectro, uto D(x) =4 u P(x <1)=0,5  Haitru P(x >0).
Pemenue. [To popmyine (4) nonyuum

P(x>0)=P(0<x+oo)=(1)(+°°_a)_(p(0__a)=

o
a
®(+°°) + (p(?).

Haiinem @ . Umeem



P(x<1)=P(—oo<x<1)=(p(1?Ta)_®(—00—a')=

@(I_T“j —D(—o0)= m(l_T“j +0,5.

OTKy/1a
o[ 1"%)105-05-0[1"%) 205 1"% 0= g+l
2 2 2
OKOanTeHBHO HaxoAum

P(x>0)=®(+)+ @(%) =0,5+@(0,5)=
= 0,5+0,191462 = 0,691462.

[Tpumep 7. CpegHee KBaApaTUYECKOE OTKIOHEHHUE CIIy4aliHOM BEJWYHHBI, pacipe-

JICTICHHOH 110 HOpPMAllbHOMY 3aKoHy, paBHo 2; M (x) =16 . Haiitu rpaHULlbl, B
KOTOPBIX C BEpOSITHOCTHIO 0,95 ciienyeT oku1aTh 3HAaUEHUS CITy4ailHON BETUYHHBIL.

o o
Pemrenne. ITo dopmyne (5) umeem P(‘x B 0{‘ <9d)= Z(D(;j = 2@(;) B

o o
=095 = Q)(E) =0,475 = E =196 = o= 3,92 . Haiinem rpaHuub! HHTEp-

para: X —@ <6 =|x—-16/<3,92=-3,92<x-16<3,92 = 12,08 <

x<19,92

[Tpumep 8. Hantn BBIOOPOYHOE yYpaBHEHHE PSMOU JINHUA

- _ y _ _— (v}
Yy~ Y =T e (x —x) perpeccun ¥ u X 10 maHHBIM KOppENALMOHHON TaGIIHIBI
X

(Tabm. 1).
Tabnua 1
X
n
Y 4 9 14 19 24 29 Y
10 2 3 - - - - 5
20 - 7 3 - - - 10




30 - - 2 50 2 54
40 - - 1 10 6 17
50 - - - 4 7 14
n, 2 10 6 64 15 n=100

Pemenne. CoctaBuM KOpPEISIITUOHHYFO TaOIHIy (Ta0. 2) B YCIOBHBIX BapUaHTAX,

BhIOpaB B KauecTse noxkubx Hyneidr C; =19 u C, = 30 .

100

Tabnuna 2
X
Y -3 2 -1 0 1 n,
2 2 3 - - 5
-1 - 7 3 - - 10
0 - - 2 50 2 54
1 - 1 10 6 17
2 - - - 4 7 14
n, 2 10 6 64 15 n=100
Haiigem U u V :
ﬁ_znuu_—6—20—6+0+15+6
n 100
__2my _—10-10+0+17+28
n 100
Haiinem U u v :
2
L, onu’ 2.9410-4+6-1+64-0+15-1+3-4 _ 91
u’ = = = ——=0,91;
n

p_2my _5-4+410-1+54-0+17-1+14-4 _ 103
n

100

Haiinem O, u O, :

o, =+’ —(@)* =+/0,91—(-0,11)* = 0,95;

=1,03.




o, =77 —(7)* =4/1,03-(0,25)* = 0,97.

Haiinem Z”uv UV | 1y 4ero coCTaBUM pacyeTHyro Tadiuiy. CymMMupys 4mcia

MOCJICTHETO CTOJI0ma Tabn. 3, Moxydum ZVU = 72’. {1 KOHTpOJsT BBIYUCICHUI
4

HaxoJIUM CYMMY YHCEJ MOCIEIHEN CTPOKHU: Z uV =72
u

VYka3zanus k cocraBienuto 1abm. 3. [lpousBenenuii yactotel 1, , Ha Bapuanty U,

T. €. N,U 3anuChIBAalOT B NPABOM BEPXHEM YIIIY KJIETKH, COAECPM AIIECH YacToTy.
CxrapIBalOT BCE YMCIIA, TOMEIICHHBbIE B MPABBIX BEPXHHUX yriax KIETOK JaHHOU
CTPOKH, U X CyMMY MOMEIIAIOT B KJIETKy 3Toi xke ctpoka «ctonoua U ». Ymuoxaror
Bapuanty V Ha U u momydenHoe mpousBeleHHE 3alHCHIBAIOT B COOTBETCTBYIOLIYIO
knetky «cronbua YU ». Cnoxus Bce umcma «ctonbma VYU », momywaror cymmy

ZVU , KOTOpass paBHAa HCKOMOW CYMME Znuvu". Jlns maHHOM TaAONHMIBI

v

Znuvuv =72 {1 KOHTpOJIA pacueTa aHAJOTMYHBIC BBIYMCICHUSI TTPOU3BOMST IO

croysdriam: mpousBeAcHus M,V  3anuchIBalOT B JICBBIM HIDKHHMHA YTrojl KIIETKH,
colepkaliel 4acToTy; BCE YMCJIa, MOMENIEHHbIC a JIeBBIX HIKHUX Yrjiax OJHOrO
CTONOIA, CKIAABIBAIOT U MX CYMMY NOMEIIAIOT B «CTPOKY V ». YMHOXKAIOT KaKIyro
Bapuanty V Ha U u pe3yabTaT 3alMCHIBAIOT B KJIETKaX mociueaneil cTpoku. CIOXHB

BCC 4YHCJIa HOCJIGZIHCIZ CTPOKH, IOJIIYYAOT CYMMY Zuv , KOTOpasl TaKXC paBHA
u

HMCKOMOHM CyMMe Z n,uv (8 nannom ciyuae 72). [lo popmyne (7) Halizem UCKOMBIN
BbIOOPOYHBINA KOA((OULMEHT KOPPESIUH:

. > n,uv—niv _72-100-(=0,11)-0,31
- _

=0,82.
no,o, 100-0,95-0,97
Tabmuma 3
U
y
3| 2 | - 0 1 2 |U=Xn,u U
6| -6
2 2 3 ; ; ; ; 12 24
4 -6




14l 3
1 ; 7 | 3 ; i ; 17 17
7|3
20 0] 2
0 ; i 2 | 50 | 2 ; 0 0
o |0 |0
a0 o] 6
] i i 1| 10| 6 ; 5 5
1 10 |6
o 7] 6
2 ] i i 4 | 7 | 3 13 26
8 14 |6
|4 =Z”uv" -4 -13 -2 18 20 6 ZvU =72
T
uVv 2120 2 | 0 | 2| 12 |Xuv=m2 <
Konmpons

Janee naxomum B uhy , X uy, 0. u 0,

h =9-4=5;h, =20-10=10;
X=u-h +C, =-0,11-5+19 = 18,45;
0,25-10+30=32,5; o, =h, -0, =5-0,95=4,75;

y=v-h,+C,
[ToncTaBuB HalICHHBIC BEIMYUHEI B (hopMyy (6), OTydum

¥, —32,5=0,82- 49’775 (x —18,45), unuy, =1,67x +2,2.
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3AJTAUH JTJISI KOHTPOJIBHBIX 3AJIAHUM

KOHTPOJIBHAA PABOTA Ne 7

I. Haittu obmiee pemenue au@pepeHnnanbHOro ypaBHEHNUS U YaCTHOE pelIeHUe,

YAOBJIETBOPSAIOLIEE HAYAIBHOMY YCIOBHIO Y = Yo mipu X = X .




T

_y'sinx—ycosx=1;y,=0,x, = 5"

[E—

—COoS X

7 y—ysinx=e sin 2x; y, = 3, xo:%-

, 2
y +_y=_x2;y0=19x0:3-

X

W

4. y’+y=1‘;7;y0 =2,x,=0.

5. A+x*)y -2xy=1A+x*)*;y,=5,x, =-2.
6. xy'—2y=x>cosx;y, =1, x, = 7.
7.yxInx—-y=3xIn*x;y,=0,x, =e.

X

8. Y +2xy=xe™ ;y,=4,x,=0.

9. y'cosx —2ysinx =25y, =3,x, =0.
, 3 x
10.y—7y=xse sy, =e,x, =1.

11. xy'=3y=x"e"; y, =€, x, = 1.
12. y'cosx + ysinx =1; y, =2, x, =0.
,, Yy _sinx T

13. Yy +—= 3V =1L, x, =—.
X 2

14,y ——=="2Inx;y,=1,x, =1.

, 1
15. Xy +2y=;;yo =1, x,=3.
16. y—ycosx =—cosx;y, =3, x, =0.

17. ' +2xy =e* sinx; yo=1x,=0.
18. X’y +xy+1=0;y, =2, x, =1.

19. ¥ = ytgx = sy, =5,x, =0.
CoOS X
, 2y 3 1
- =(x+D5y,==,x,=0.
20. Y =7 (x+1)75 y, 5 %o

II1. Haiitu obuiee pemenue nud@epeHunaibHOro ypaBHEHUSI U YaCTHOE pelIeHUe,



YAOBJICTBOPAOIICC HAYAJIIbHBIM YCIIOBUAM.

1. y'xInx=y5y(e)=e—-1, y'(e) =1.

2. y”cos* x =—sin2x; y(r) =0, y'(x) =2, y"(x) = -1.
3. 2xy" =y y(9) =8, y'(9)=3.

4.y"=y"Iny’% y(0)=0, y'(0) =1.

5.7(x* +1) =2xy; y(0) =1, y'(0) = 3.

@)

~y”cosx + y’sinx =0; y(0) = —%, y'(0)=2.
7.97+y =e "5 y(0)=1, y'(0) =1.

Yy =6y’ +9y=9x"-12x+2; y(0) =1, y'(0) = 3.
9. ¥ +9y =36e’*; y(0)=0, y’(0) = 0.

o0

’ 2y : , 3
10 Y +2y'—8y =3sinx; y(0)=-1, y (0)=_E.

” ’ —-x 2 ’
11. Y +6y +13y =8e ;y(0)=§,y (0)=2.

12. y"—4y +8y =8x> +4; y(0) =2, y'(0) = 3.
13. y"+y =5y =50cos x; y(0) =3, y’(0) =5.
14. y"+2y +5y=13¢**; y(0) =1, y'(0) = 4.
15. y" =4y +5y =10x; y(0) =10, y'(0) = 6.

” , , 4
16. Y =4y’ +4y =3x-x*; y(0) =3, y 0)=3.

17. y"—6y"+9y =4e*; y(0) =3, y'(0) = 8.
18. y"—4y +4y =-169sin 3x; y(0) = —12, y’(0) = 16.
19. y"+2y =8y =16x +4; y(0) =2, y’(0) = 6.

2 3
"— 4y +5y=5x>—4; y(0) =—, y'(0) = =.
20. Yy —4y +3y ; ¥(0) 25,y() .

IV. Haiitu obmiee permenue cucteMbl TudGepeHIInalbHbIX YPaBHCHHM.

%=12x1+5x2 czc—tl=x1+3x2
L. 2.
s 5y, 4121, % o x—x,

dt dt



A

A

11. )

<
13.

<
15.

17.

A

A

10.

12.

14.

16.

18.

A

A

A

A

A

A

A

A




d d
—;tl =X, —2x, _;tl =x; +2x,
19. 20.
ax, =-3x,+6x, &, =3x, +2x,
dt dt

V. Pemmnth ypaBHeHUE KoJieOaHUs CTPYHBI MeToaoM Dyphe.

r

%;OSxSE,

o(x) =+ 3 2 v(ix)=x(2-x).
t 2h(2—x);%£x$2;

_th;OSxSE,

P(x) =1 2 y(x)=x(3-x).
2 Wx=3) 3, o
[ 3 2
hx;0<x <1,
3 @(x) = h;1<x<2, vix)=x(3-x).

(h(3-Xx);2<x<3;

r

2hx;0$xsl,
n P(x) = 2h(4_x)-y<x<4- v(x)=x(4-x).
| 3 s /g ==
—4hx;0$xsl,
5 O(x) =1 v(x)=x(5—-x).

4h(x-5) 4 .
T,ASXSS,

—hx;0<x<1,
6. o(x)=4 —-h;1<x<3, vix)=x(4-x).
(h(x—4);3<x <4

hx o<y <3,
3

h(6—x);3
.3

@(x) =5 v(ix)=x(6-x).

<x<6;




8.

10.

11.

12.

13.

14.

15.

P(x) =5

P(x) =5

\

P(x) =

P(x) =

P(x) =5

P(x) =

P(x) =

@(x) =1

h;2<x <4, v(x)=x(S—-x).

h(5-x);4<x<5;

([ —hx

—30<x <3,
3

—h;3<x<6, v(x)=x(7-x).
h(x-7);6<x<7;

%x;Osti, 2x,0$x$§
2hs . 2 w(x) = 5 2
—(8-x); <x<5§; 25-x),—<x<5
s’ S

%x,03x<§, 2x 0<x$§
2h3 2 w(x) = 2
?(S—x),325xs3, 23—x),=-<x<3

ﬁx,()SxSZ, 4x,0$x<Z
_ 2y = 2
7(7—x),723xs7, 47-x), -<x<7

%x 0<x<2 4x,0$xs2

) 2y =] 2
2h x),%Sx<9 409-x),~<x<9

—%x,OSxSE, 6x,0<x<E

1 2 y(x)= 1



Zh 0<x<E 6x0<x<2
16. P)=12p ) ? yx)=, 13 ?
‘ E(x—13);132SxS13; 6(13 x),—<x<13
—%x ()<x<E 8x, 0<x<1—5
7, P =1, 15 : pix) = 5
\E(x—IS); 2SxSlS; \8(15—x),73x315
—%x,0<xsé, 8x,0Sx<§
g PO =1, 3 2y =, 2
' ?(x—3);32<xs3, 8(3—x),-<x<3
—%x,Osti, 10x,0$x$§
o, P)=1,. 3 ] 2 = s 2
’ —(x-5);,<x<5; 10(5-x), —<x <5
ST R
20.
ﬁx,OSxSH, 10x, 0<x<£
px)=1,, 17 2 wi(x) = _—
—(17 x); 1/<x$17 10(17—x),7SxS17

KOHTPOJIBHAA PABOTA Ne 8

I. 1. Habupas nomep tenedona, abOHEHT 3a0bLT MOCICAHUE TPU IUPPHI, U TTOMHS
JIMIIb, YTO 3TH MUQPHI Pa3IMyuHbl, HA0pan ux Haymaudy. HaiiTu BepoSITHOCTH TOTO, YTO
HaOpaHbl HY)KHBIC ITUQPHI.

2. B nexe paboratot 6 My>xuuH U 4 xeHIIuHbl. [1o TabenbHbIM HOMEpaM Hayaauy
oTtoOpanbl 7 yenoBek. HaillT BEpOATHOCTH TOTO, YTO CPeAN OTOOPAHHBIX JIMI] OKAXKYTCS
3 JKCHIIUHEI.

3. B rpynne 12 cTyaeHToB, cpeid KOTOPbIX 8 OTIWYHMUKOB. Ilo crnucky Haymauy
oTtoOpaHnbl 9 cTyneHToB. HailTi BEpOsSITHOCTH TOTO, UTO CpeAr OTOOPaHHBIX CTYJAEHTOB 5
OTJINYHUKOB.

4. CobpaHueM, Ha KOTOPOM MPUCYTCTBYET 25 4UEIOBEK, B TOM YHUCIE 5 KEHIUH,
BBIOMpaeT Aeneranuto u3 3 yenoBek. Cuntasi, 4To Kaxablid U3 MPUCYTCTBYIOIIUX C OJTU-
HAKOBOW BEPOSTHOCTHIO MOXKET OBbITh U30paH, HAUTH BEPOSTHOCTH TOTO, UTO B JieJiera-
IIUIO BOWIYT 2 )KEHIIMHBI U 1 My)X4HHa.

5. Ha monke paccrapisitoT Hayaauy 10 kaur. HaliTu BEpoSTHOCTH TOrO, 4TO 3 OI-



peneneHHbIe KHUTH OKaXyTCsl PSIOM.

6. bpocatoT 4 urpajibHbie KocTH. HaliT BEpOSTHOCTh TOTO, YTO HAa HUX BBINAJIET
OJIMHAKOBOE YKCJIO OYKOB.

7. I'pynma 3 10 my>xurH 1 10 KSHIIUH ASIATCS CIydaliHbIM 00pa3oM Ha JIBE PaB-
HbIe YyacTH. HaliTu BEpOSATHOCTH TOTO, YTO B KAXKIOW YaCTH MYKUYUH M JKEHITUH Oy/eT
OJIMHAKOBO.

8. B 3anme 50 mect. Haiitn BeposiTHOCTh Toro, uto u3 10 denoBek 5 3aliMyT orpe-
NICJICHHBIE MECTa, €CJIH MECTa 3aHUMAaIOTCSI UMH CITy4aifHbIM 00pazoMm.

9. Jlna npousBoAcTBEHHOM MpakTHK Ha 30 CTYJEHTOB MpeaocTaBieHO 15 mecT B
Ps3zann, 8 — B Tam6oBe u 7 — B Boponexke. KakoBa BeposSTHOCTh TOTO, YTO JIBa OTpEJIC-
JIEHHBIX CTYAEHTA NONaaAyT HA MPAKTUKY B OJIMH ropoa?

10. B maptuu u3 10 uznenuii umeercs 4 6pakoBanubix. Hayran BeiOupator 5 use-
muii. OnpenenuTs BEPOITHOCTh TOTO, YTO CPEAW ATHUX S5 M3IEIui oKakercs 3 Opako-
BAaHHBIX.

11. Tpu cTpenka CTpeNsroT 1o 1eiu. BeposTHOCTh nonafanus B LEb ISl IEPBOTO
crpenka paBHa 0,75; st Broporo — 0,8; mist Tpetbero — 0,9. HallTH BEpPOSATHOCTH TOTO,
yTo: 1) BCe TpHW cTpesika MOonaayT B Iejb; 2) BCE TPOE MPOMAxXHYTCs; 3) TOJbKO OJUH
CTPEJIKOB TIOMAJIET B 11€Jib; 4) XOTs ObI OJIUH CTPEJIOK MOMAJIET B LIEIb.

12. B iepBoM simuke 6 6enbIXx U 4 4epHBIX IIapa, BO BTOPOM — 7 OenbIX U 3 4ep-
HbIX. M3 Kaxa0ro fiiyMka HayrajJ, BBIHUMAIOT MO OJHOMY IIapy. 4YeEMYy paBHA BEpOST-
HOCTb TOT'O, UTO BBIHYTHIE IIAPbl OJHOTO LIBETA?

13. Ha aByx cTaHKax MpOU3BOASATCS OJIMHAKOBBIE JIeTajdu. BeposTHOCTH TOTO, 4TO
JeTajab CTaHJapTHasi, Ajid nepBoro crtaHka pasHa 0,8, mist Broporo — 0,9. IlpousBoau-
TEJTBLHOCTh BTOPOTO CTaHKa BTpoe O0JbIlle, 4eM nepBoro. Haiitu BepoITHOCTh TOTO, 4TO
B3siTasl HayJauy JeTalb OKaXETCsl CTaHJapPTHOM.

14. Ha nsaTu kapTovKax HaIMCaHO 0 OJHOU mudpe u3 Habopa 1, 2, 3, 4, 5. Hayraz
BBEIOMPAIOT OJIHY 3a ApYrod JBe KapTouku. KakoBa BEpOSTHOCTH TOTO, YTO YMCIIO Ha
BTOPOH KapTouke OymeT Oobliie, 4eM Ha TIepBOit?

15. Y3 maptuu, B kotopoi 20 neraneit 6e3 nedexToB u 5 ¢ Aedexramu, OepyT Hay-
nauy 3 neranu. YUemy paBHa BEpOSTHOCTH TOTO, uTO: 1) Bce Tpu aetanu 0e3 1edeKToB;
2) o kpaiiHeil Mepe ojiHa eTalb 6e3 nedexToB?

16. CnoBo «kapeta», COCTaBIICHHOE M3 OyKB-KYOHMKOB, PAcCBITAHO HA OTJICIbHBIC
OYKBBI, KOTOPBIC 3aTEM CJIOKEHBI B KOpoOke. M3 KOopoOkm Hayraa HU3BICKAIOT OYKBBHI
OJIHY 32 JPYroil. KAKOBAa BEPOSATHOCTh MOJYYUTh MPHU TAKOM HM3BICYEHUHU CIOBO «paKe-
Ta»?

17. Ammxk conepxkut 10 neraneit, cpeau KOTopsix 3 cranaapTHbIX. Halitn BeposT-
HOCTb TOT'O, YTO M3 HayJady OTOOpaHHBIX 5 AeTajell oKakeTcs He 0ojiee OJHOM cTaH-
JTapTHOW?

18. bpormieHb! ABa OAMHAKOBBIX UTPATbHBIX KyOrKa. HailTh BEpOSTHOCTH TOTO, YTO
1rdpa 6 mosiIBUTCS XOTs OBl HA OJTHOM TPaHH.

19. Jlns mopaskeHus 1eNy TIOCTATOYHO MOMaiaHust XOTs Obl oJHOTO cHapsaa. [Ipo-
W3BEJICHO JIBa 3ajma U3 AByX opyaui. HaliTu BepOsSTHOCTh MOpa>KeHUsI 11eJIU, eCIU Be-
POSITHOCTH MOMAJaHus B 1IEJIb IIPU OJTHOM BBICTpEJIE U3 MepBoro opyaus pasHa 0,3, a u3
BTOporo — 0,4.



20. B ypne nexur 12 Gensix U 8 kpacHbIX ImapoB. Beiaynu 8 mapos. Kakosa Be-
POSITHOCTBH TOTO, 4TO: 1) TpM W3 HHUX KpacHBIC; 2) KPACHBIX IIApOB BBIHYTO HE Ooiiee
Tpex?

II. 1. Monety Opocatot 5 pa3. HaiiTu BEpOSITHOCTh TOTO, UTO «TepO» BBIMMAJIECT: a)
MeHee 2 pa3; 0) He MeHee 2 pa3.

2. HaiiTi BeposiITHOCTh TOT'0, UTO COOBITHE A MPOU30MJET HE MEHee 2 pa3 B 4-X He-
3aBUCUMBIX HCTIBITAHUSAX, €CITH BEPOSTHOCTh HACTYIUICHUS COOBITHS A B OJHOM HCIIBI-
TaHuu paBHa 0,6.

3. CoGriTHEe B mpousoiizner B cirydae, eciid coObITHE A HACTYITUT HE MEeHee 4 pas.
Haiiti BeposATHOCTh HacTyIUICHUSI COOBITHS B, eciam OymeT mpou3BeIeHO 5 HE3aBHUCH-
MBIX UCTIBITAHUH, B KOKIIOM U3 KOTOPBIX BEPOSITHOCTh HACTYIUICHHS COOBITUSI A paBHA
0,8.

4. BepoATHOCTh HACTYIIJICHUSI COOBITHSI A XOTSI ObI OJTUH pa3 MPHU TPEX HCIIHITAHU-
ax paBHa 0,936. HaiiTu BeposSTHOCTh HACTYIUICHUS COOBITHS A TIPU OJTHOM HCTIBITAHUH.

5. BeposATHOCTh MOpaXeHUs IeIM XOTsI Obl OAHOW TyJIeH TpH 4-X HE3aBHUCHMBIX
BbIcTpenax paBHa 0,59. KakoBa BepOSITHOCTbh MOPAXEHUs €U IIPU OJJTHOM BbICTpesie?

6. IlycTh BEpOATHOCTH TOTO, YTO HayJady B3ATasl JETallb HECTAHJApPTHAas paBHA
0,1. HaifTu BeposITHOCTH TOTO, YTO CPEU B3SATHIX Haynauy S5 netayieid He Oomee 2 He-
CTaHJapPTHBIX.

7. IlycTh BEpOSTHOCTH TOTO, YTO TEJIEBU30P MOTPEOYET PEMOHTA B TEYCHHUE TapaH-
TUMHOTO cpoka, paBHa (,2. HaliTu BEpOSITHOCTH TOr0, YTO B TEUECHHE TapaHTUMHOTO
CpoKa 13 6 TEIeBHU30POB: a) HE OoJiee OHOTO MOTpeOyeT peMoHTa; 6) XOTS ObI OJIUH HE
noTpeOyeT peMOHTA.

8. BeposiTHOCTH BBIMIpaTh MO JOTEepeiiHoOMy Ounery paBHa 1/7. Haittu Bepost-
HOCTh BBIUTPATh HE MEHEE UeM I10 JBYM OuJieTaM U3 IIECTH.

9. BepoaTHOCTb nonajaHus npu KaxaoM BeicTpene paBHa 0,4. HaiiTu BeposiTHOCTb
paspyiieHus 00beKTa, eCIM ISl 3TOT0 HEOOXOAMMO HE MEHEee TpeX MOoNajaHuil u cle-
JaHo 15 BBICTpEIIOB.

10. HaiiTi BEpOATHOCTH TOTO, UTO B CEMbE, UMEIOIIIEH 6 eTei, He MeHee IBYX Jie-
Bouek. [Ipenmnomnaraercsi, 4To BEPOSTHOCTh POXKJCHUSI MajbuMKa U JIEBOYKHU OJIMHAKO-
BhIC.

11. BeposTHOCTB TOsIBIICHHS COOBITHSI A TIpH OJTHOM HcTibiTaHuu paBHa 0,1. Haiitu
BEPOSITHOCTh TOT'O, YTO MPU TPEX HE3aBUCUMBIX HUCIBITAHUAX OHO MOSIBUTCS: 1) HE Me-
HEee IBYX pa3; 2) XoTs Obl OJIMH pas.

12. UrpanbHyIo KOCTh ToaOpackiBalOT 3 paza. HaliTh BeposSTHOCTH TOTO, YTO JBa-
JKJTbI TIOSIBUTCS. YUCJIO OUYKOB, KPATHOE TPEM.

13. CobObiTue B nosiBUTCS B ciiydae, eciid COObITUE A MOSIBUTCS HE MEHEE YEThIpeX
pa3. HaliTu BepoOsSITHOCTH TOTO, YTO HACTyHmUT coObiTHEe B, ecnm OyneT mpou3BeneHO
ST HE3aBUCUMBIX HCIIBITAHHUH, B KOKJIOM U3 KOTOPBIX BEPOSITHOCTD MOSBICHUS COOBI-
tusi A paBHa 0,5.

14. CnyyaiiHO BCTpEUEHHOE JIUII0 MOXKET OKa3aThCs, C BeposTHOCTHIO p=0,2, Opro-
HeToM, ¢ p=0,3 — 6ionauHOM, ¢ p=0,4 — mateHom u ¢ p=0,1 — pboKUM.

KakoBa BepoATHOCTb TOr0, UTO CpPeAM CIIy4allHO BCTPEUYEHHBIX JIMII: 1) HE MeHee
NBYX OpIOHETOB; 2) oJvH OJIOHJMH U JIBa IIaT€HA; 3) XOTs Obl OJIUH PHDKUIA?



15. BeposiTHOCTh XOTSI OBl OHOTO MOMAJaHUsS MpU ABYX BbICTpenax paBHa (,99.
Haiitu BeposSITHOCTB TpeX MOIMAAaHU IPU YETHIPEX BBICTPETIAX.

16. B xkBapTupe YeThIpe JICKTPOJIAMIIOUKU. {151 KaKI0M AIEKTPOIaMIIOUKH BEPO-
SATHOCTBH TOTO, UTO OHA OCTAHETCSl HEHMCIPABHOM B TeUeHHUE rojia paBHa 5/6. KakoBa Be-
POSITHOCTBH TOT'O, YTO B T€UEHHUE I'0Jla IPUIETCS 3aMEHUTh HE MEHEE MOJIOBUHBI JIaMIIO-
yek?

17. B amuke umeeTcs o OJIMHAKOBOMY UMCITY JIeTallel, M3rOTOBJIECHHBIX 3aBOJaMU
No 1 u Ne 2. Haiiti BepOSITHOCTBH TOTO, YTO CPEJIH IISATH Haymady OTOOpaHHBIX JIeTajiei
M3roTOBJICHBI 3aBosIoM Ne 1: 1) nBe aetanm; 2) MeHee NBYX AeTanei; 3) Oojiee IByX Jie-
TaJICH.

18. IlycTh BEpOSITHOCTH TOTO, YTO TEIEBU30p MOTpeOyeT peMOHTa B TEUCHHUE Ta-
pantuiiHoro cpoka pasHa (0,2. HaiiTu BeposSITHOCTh TOTO, UTO B T€UYEHHE TAPAHTHITHOTO
CpOKa U3 Tpex TeJIEBU30pOB: 1) He Oonee omHOro moTpedyer pemonTa; 20 XoTs ObI OMH
HE TTOTpeOyeT peMOHTA.

19. B smuke JeXUT HECKOJIBKO THICSY OAMHAKOBBIX Mpenoxpanurteneil. [lonosuna
13 HUX U3rotosiieHa I 3aBogom, octanbHbie — II 3aBogom. Haynady BeIHYIM TATH IIpe-
noxpanuteneid. YeMy paBHa BEpOSTHOCTh TOTO, UTO | 3aBOIOM M3 HUX U3TOTOBJIEHBI: 1)
JIBa MPEAOXPAaHUTENS; 2) MEHEE IBYX Mpefoxpanurtenei; 3) Oonee IByX NpeaoXpaHUTe-
nen?

20. Otaen TEXHUYECKOrO KOHTPOJISI MPOBEPSIET U3/IeNMs Ha CTaHIapTHOCTh. Bepo-
SATHOCTB TOTO, YTO U3JIeJIN€ HECTaHAapTHO, paBHO 0,1. HaiiTu BeposiTHOCTH TOTO, 4TO: 1)
U3 TpeX MPOBEPEHHBIX W31 TOIHKO OJJHO HECTAaHJAPTHOE; 2) HECTAaHAAPTHBIM OyIeT
TOJIBKO TPEThE MO MOPSAKY NPOBEPEHHOE U3JIEIIHE.

ITI. 1. BeposiTHOCTh HACTYIUICHUS! COOBITHSI B KaXKJIOM U3 HE3aBUCUMBIX HCIIbITA-
Hult paBHa 0,8. Haiftu BeposiTHOCTH TOrO, 4T0 coObITHE HAacTynuT 60 pa3 B 100 ucnbl-
TaHUSX.

2. BeposTHOCTh HACTYIUJICHHUS COOBITHUS B KaKJIOM W3 HE3aBUCHUMBIX UCIBITAHUN
paBHa 0,2. Haiiti BeposATHOCTH TOTO, 4TO B 100 UCIIBITAHUSAX COOBITHE TIPOU30UICT HE
menee 20 u He 6omee 30 pas.

3. BepoaTHOCTh HACTYIJICHUS COOBITUSI B KaXXJIOM M3 HE3aBUCHUMBIX HCIBITAHUI
paBHa 0,2. HaifTu BEpOATHOCTb TOTO, 4TO coObITHE TIpou3oiiaeT 12 pa3 B 100 ucmbita-
HUSX.

4. BeposiTHOCTh poxaeHus Masiburka paBHa 0,51. Hailtu BeposITHOCTh TOrO, 4YTO
cpeau 100 HOBOpOXKIEHHBIX OKakeTcst SO MaTbYMKOB.

5. BeposiTHOCTh MOpak€HUsI MUIIIEHU MPU OAHOM BbIcTpese paBHa (0,8. Haiitu Be-
posiTHOCTH TOro, uTo mpu 100 BeIcTpenax MuilleHb OyIET Mopa)kxeHa POBHO 75 pas.

6. B onbite broddona monera nondpaceiBanacs 4040 pas. [Ipu 3Trom «rep0» BbI-
nan 2048 pa3. C kakoil BepOsSTHOCTbIO MOXHO OBbLIO 0KHAATH 3TOT PE3yJbTaT?

7. HaliTi BEpOSITHOCTb TOTO, 4TO B mapTuu u3 800 m3AeNuil YMCI0 U3JICTUNA BBIC-
mero copta 3akitroueHo mexay 600 u 700, eciu BEpOsITHOCTb TOTO, UTO OTACJIBHOE HU3-
JIeIMe OKaXETCs BBICHIETO copTa, paBHa 0,62.

8. BeposaTtHocTh HETOUHOM cOOopku npubdopa paBHa (0,2. Hailtu BepoATHOCTH TOTO,
yto cpeau S00 npubdopos okaxkercs ot 410 10 430 (BKIFOYUTENHHO) TOIHBIX.

9. [lycTh BEpOSITHOCTh TOTO, YTO MOKYIATEN0 HE00XouMa 00yBb 41-r0 pasmepa,



paBHa 0,2. Haiitn BeposTHOCTH TOTO, uTO M3 750 mokynareneit He 6osee 120 motpedy-
10T 00YBB ATOT'0 pa3mepa.

10. BexoxkecTh ceMsiH JaHHOTO pacTeHusi coctaBisieT 90%. Halitu BeposiTHOCTh
Toro, 4ro u3 800 mocesHHBIX ceMsH B3onaeT He meree 700.

11. Urpanpayro kocth moaopaceiBaroT 500 pa3. KakoBa BeposITHOCTH TOTO, YTO
uugpa 1 npu aTom Beinaget 50 paz?

12. BepoaTHOCTh MOJydeHHsI 10 JIoTepee Oe3BhIMTPRIIIHOTO Oniera paBHa 0,1. Ka-
KOBa BEPOSTHOCTH TOTO, uTO cpeau 400 Hayraa KyIjIeHHBIX OmieToB He MeHee 50 u He
6omee 60 OE3BBIMTPHIIIHBIX ?

13. UeMy paBHa BEpOSITHOCTH TOro, uto cpead 100 ciydallHBIX MPOXOXKUX OKa-
KyTcs 32 )KSHIUHBI (MTPEAMOIaraeTcs, YT0 YHCIO MYKIHH M KCHIIWH B TOPOJIC OJMHA-
KOBO)?

14. BeposiTHOCTh HACTYIUICHHS COOBITHS A B Kax10M 13 100 HE3aBHCHUMBIX HCIIBI-
taHuii paBHa 0,8. HaliTu BEpOSITHOCTH TOTO, YTO COOBITHE A TOSBHUTCS B 3THX HCIIBITA-
Husx: 1) porao 90 pas; 2) ne menee 80 u e 6onee 90 pas.

15. BeposiTHOCTH BBI3AOPOBIIECHUSI OOJIBHOTO B pe3yjibTaTe MPUMEHEHHS HOBOTO
crioco6a sieuenust paBHa 0,8. Ckonbko BbuieUuBIIHXCS U3 100 OONMBHBIX MOXKHO OXH-
JaTh ¢ BeposiTHOCTHIO 0,757

16. UrpanpHyro kocTh mojopaceiBaroT 320 pa3. KakoBa BeposITHOCTH TOTO, YTO
nrdpa 5 npu 3ToM BemaaeT He MmeHee 70 u He Ooree 83 paz?

17. BepoSATHOCTh TOTO, YTO TMACCAKUP OMO3JAeT K OTHPABICHUIO MOE3/1a, paBHA
0,02. Haiitm Hambosiee BEPOSATHOE YHCIIO OMO3JABIIUX M3 625 maccaXupoB M BEPOST-
HOCTB 3TOTO COOBITHSI.

18. Ilpu mpoBeaeHUM 3KCHEpUMEHTa MOHETy noadOpaceiBanu 4096 pa3, mpuuem
rep0O Boinan 2068 pa3. C kakoil BEpOITHOCTbIO MOKHO OBLIO OKUJIATh ATOT pe3yabTar?

19. HaiiTu BEpoATHOCTH TOr0, YTO B maptuu u3 900 u3aenuii 4uciio u3aennii Bbic-
miero copta 3akiroueHo Mexay 600 u 700. BeposiTHOCTh NOSIBIICHUST U3/ICTUSI BBICILIETO
copTa B naptuu pasHa 0,8.

20. UrpanpHbiii kKyouk noaopocwmm 125 pa3. Kakoa BeposSTHOCTb TOTO, 4TO ITH(]-
pa 6 nosiBusace He 6osnee 60 pa3?

IV. 3agansl MatemaTrueckoe oxxuaaHue M U cpeHee KBaIpaTUYECKOE OTKIIOHE-
HUEe O HOPMAaJbHO paclpe/leICeHHON cirydyaiiHoil BenuurHbl X . Haittu: 1) BeposiTHOCTH

TOTO, 4TO X TPHMET 3HAUEHHe, MpUHAIexKamee uaTepsany (&, B) ;2 BEPOSITHOCTh

TOr'0, YTO a0COJIIOTHAS BEIMYNHA OTKIOHEHUS ‘x - m‘ OKaKeTCs MeHbIue O .

1. m=15, o=2, a=16, B=25, J=A4.
2. m=14, o=4, a=18, =34, 6 =8.
3. m=13, o=4, a=15, =17, o6 =6.
4. m=12, o=5, a=17, B=22, 6=15.
5. m=11, o0=3, a=17, [=26, o =12.
6. m=10, oc=2, a=11, =13, o6 =-5.
7. m=9, o=4, a=15, =19, o6 =18.



8. m=8, o=2, a=6, =15, J=8.

9 m=7, o0=5 a=2, =22, §=20
10 m=6, o0=3, a=0, =9, 6=09.
11. m=15, o=2, a=9, =19, =3.
2. m=14, o=4, a=10, =20, o0 =4.
13. m=13, o=4, a=11, =21, 6 =8.
14. m=12, o=5, a=12, p=22, §=10.
15. m=11, o=4, a=13, p=23, O =6.
16. m=10, oc=8, a=14, =18, o6=2.
17. m=9, o0=3, =9, =18, 6 =6.
18. m=8, o=4, =8, =12, J=8.
19. m=7, o0=2, a=6, =10, o =4.
20. m=6, o=2, a=4, =12, d=4.

—_— _ _y _ —
V. Haiitn BBIGOpOUHOE ypaBHeHue mpsiMoit Yx — Y = Tp P (x —x) perpeccuu
X

Y na X no naHHOM KOppeIAIMOHHON TaOIuIIE.

1.

Y X n

4 9 14 19 24 29 y
10 2 3 - : : : 5
20 - 7 3 - - - 10
30 : : 2 50 2 : 54
40 : : 1 10 6 : 17
50 . . . 4 7 3 14
Ny 2 10 6 64 15 3 n=100

2.
X
Y 10 15 20 25 30 35 Ny
30 2 6 - : : 8
40 - 4 4 - - - 8
50 - - 7 35 8 - 50
60 - - 2 10 8 - 20
70 - - - 5 6 3 14
N, 2 10 13 50 22 3 n=100
3.
X

Y 15 | 20 | 25 | 30 35 | 40 fy




5 4 2 : - - - 6
10 : 6 4 ; ; ; 10
15 : : 6 45 2 - 53
20 : : 2 8 6 - 16
25 : : : 4 7 4 15
n, 4 8 12 57 15 4 n=100
4,
Y 15 15 20 25 30 35 My
6 4 2 : : : : 6
12 : 6 2 - - - 8
18 : : 5 40 5 - 50
24 : : 2 8 7 : 17
30 : : : 4 7 8 19
n, 4 8 9 52 19 8 n=100
5.
Y 5 10 15 20 25 30 My
20 1 5 : : - - 6
30 : 5 3 - - - 8
40 : : 9 40 2 - 51
50 - - 4 11 6 - 21
60 - - - 4 7 3 14
n, 1 10 16 55 15 3 n=100
6.
Y 5 10 15 20 25 30 Ny
8 2 4 3 - - - 6
12 : 3 7 : : : 10
16 : : 5 30 10 : 45
20 : : 7 10 8 : 25
24 : : : 5 6 3 14
n, 2 7 19 45 24 3 n=100
7
Y 2 7 12 17 22 27 Ny
10 2 4 : : - - 6
20 : 6 2 - - - 8
30 - - 3 50 2 - 55
40 : : 1 10 6 - 17
50 : : : 4 7 3 14
n, 2 10 6 64 15 3 n=100




Y 11 16 21 26 3] 36 My
25 2 4 ; - - - 6
35 : 6 3 : - - 9
45 : : 6 45 4 - 55
55 : : 2 8 6 - 16
65 - - - 4 7 3 14
n, 2 10 11 57 17 3 n=100
0.
Y 4 9 14 19 24 29 Ny
8 3 3 : : : : 6
18 : 5 4 - - - 9
28 : : 40 2 8 : 50
38 : : 5 10 6 : 21
48 . ; ; 4 7 3 14
Ny 3 8 49 16 21 3 n=100
10.
Y 5 10 15 20 25 30 Ny
11 4 2 : : - - 6
21 . 5 3 - - - 8
31 - - 5 45 5 - 55
41 : . 2 8 7 - 17
51 - . . 4 7 3 14
n, 4 7 10 57 19 3 n=100
11.
Y 5 10 15 20 25 30 Ny
10 2 6 : : : : 8
20 : 7 3 : : : 10
30 . . 2 40 2 ; 44
40 . . 1 10 13 - 24
50 - - - 4 7 3 14
n, 2 13 6 54 22 3 n=100
12.
Y 15 20 25 30 35 40 fy
30 1 6 - - - - 7
40 . - 4 - - 5 9
50 : 4 7 30 9 - 50
60 : : 2 10 8 - 20




70 . . . - 6 3 14
n, 6 10 13 40 23 8 n=100
13.
Y 4 9 14 19 24 29 Ny
5 : : 4 2 : : 6
10 : 6 : 3 - 4 10
15 45 : 6 - 2 - 53
20 : 6 2 8 : : 16
25 7 : : 4 - 4 15
n, 52 12 12 14 2 8 n=100
14.
Y 2 7 12 17 22 27 0y
6 : : : 4 2 : 6
12 : 5 3 - - - 8
B : 5 . 40 5 - 50
24 : : 2 8 : 7 17
30 8 : : 4 7 - 19
n, 8 10 5 56 14 7 n=100
15.
Y 11 16 21 26 31 36 My
20 : - - - 7 - 7
30 - 4 3 - - - 7
40 1 : 9 40 2 - 52
50 : 6 4 11 6 - 27
60 - - - 4 - 3 7
n, 1 10 16 55 15 3 n=100
16.
Y 2 7 12 17 22 27 Ny
8 2 : : 3 3 4 6
12 : 3 7 : : : 10
16 : : 5 30 10 - 45
20 : 4 7 10 8 - 29
24 5 1 : : 4 3 10
~ 7 8 19 40 22 4 n=100
17.
Y 11 16 21 26 31 36 0y
10 : 4 : : 1 - 5




20 2 : 2 ; : 6 10
30 . 6 3 40 2 ; 51
40 10 : 1 2 6 ; 19
50 : : : 4 8 3 15
n, 12 10 6 46 17 9 n=100

18.
Y 4 9 14 19 24 29 Dy
25 : ; 4 3 1 1 6
35 7 : 2 - - 2 11
45 : : 6 40 4 - 50
55 : 8 2 - 9 - 19
65 3 : : 4 7 : 14
n, 10 8 14 44 21 3 n=100

19.
Y 5 10 15 20 25 30 My
8 : : 1 ; 4 1 6
18 5 : 4 - - - 9
28 : : 40 - 8 2 50
38 : 10 5 - 6 - 21
48 : : : 4 7 3 14
N, 5 10 50 4 25 6 n=100

20.
Y 2 7 12 17 22 27 0y
11 : : : 2 - 4 6
21 3 5 - - - - 8
3] : : 5 45 : : 50
41 : 8 2 : 7 : 17
51 : : : 4 7 8 19
Ny 3 13 7 51 14 12 n=100

[IPUJIOKEHUS
[IPUJIOKEHHE 1

Tabnuiia mpou3BOIHBIX

OCHOBHBIX 3JIEMEHTAPHBIX (YHKIUH




1

1. (x") =nx"". 2. (sin x)" = cos x.
’ . , 1
3. (cos x)" = —sinx. 4, (1gx) = —-
cos” x
’ 1 . ’ 1
5, (ctgx) = ————. 6. (arcsin x)” =
sin” x 1-—x2
, 1 , 1
7. (arccos x) = — .| 8. (arctgx ) = —.
1-x? +x
’ 1 x\/ x
9. (arcctgx ) = — - 10. (@’) =a""Ina.
1+x
11. (e*) =e”. 12. (log, x)" = .
xIna
, 1
13. (Inx) =—.
X

a)(C)=0; 6)(uxtv)=u"2tv; ¢)(w) =uv+ur’ z)(—)
y

OcHoBHbIe TTpaBuiIa JU¢GHEepEeHITUPOBAHUS

3necs C =const,u y v - quddepeHuupyembie HyHKIHH.

IIPHJIO)KEHHUE 2
Tabnuila mpocTeHIIMX UHTETPAJIOB

. n+1 . dx
1. x"dx = +C(n.'/_'—1) 2. —=ln‘x‘+C

. n+1 X
3. .axdx =a—+C 4. e‘dx =e¢"+C

’ Ina °
5. [ cos xdx =sinx +C 6. [ sin xdx = —cosx +C




dx dx
7. I —=tgx+C 8. J'.z =—ctg x+C
cos” x sin” x
+ dx . X dx 1 X
9 —— =arcsin =+C | 10 I—:—arctg ~+C
. 2 _ 2 a 2 2
a’ —x X" +a a a
dx
dx llna+x|+C —=ln‘x+\/x2+a‘
1| a2 x* 24 |a-x| 12. I\/x2+a2
+C
IIPUJ/IO’KEHUE 3
Pasnoxenue B psaag MakinopeHna
HEKOTOPBIX (DYHKITHI
N x2 3 xn
e =1+x+—+—+...+—+. —00< X <+oo;
2! 3 n!
. 3 xS . x2n+1
sinx =x——+——..+(-1)" ———+..; —oc0o<Xx < +oo;
3 8 2n+1)!
2 4 2n
x° x X
cosx=1-—+——...+(-1)" + ey —00< X < +o0;
2! 4! (2n)!
- m(m—1 m(m—-1)...m-n+1x*"
(1+x) =1+mx+¥x2+...+ ( ) ) X 3
2! n!
-1<x<1;
=l+x+x +u+x"+.3 —-l<x<l
1-x
x? x? x"
In(l+x)=x—"—+—— . +(-D""=—+.; -1<x<1.
2 3 n
IIPUJIO’KEHUE 4

Ta6mna 3navenmii pynxum P(X) = NS




0 1 2 3 4 5 6 7 8 9
0,0 0,3989 3989 3989 3988 3986 3984 3982 3980 39717 3973
0,1 3970 3965 3961 3956 3951 3945 3939 3932 3925 3918
0,2 3910 3902 3894 3885 3876 3867 3857 3847 3836 3825
0,3 3814 3802 3790 3778 3765 3752 3739 3726 3712 3697
0,4 3683 3668 3652 3637 3621 3605 3589 3572 3555 3538
0,5 3521 3503 3485 3467 3448 3429 3410 3391 3372 3352
0,6 3332 3312 3292 3271 3251 3230 3209 3187 3166 3144
0,7 3123 3101 3079 3056 3034 3011 2989 2966 2943 2920
0,8 2897 2874 2850 2827 2803 2780 2756 2732 2705 2685
0,9 2661 2637 2613 2589 2565 2541 2516 2492 2568 2444
1,0 0,2420 2396 2371 2347 2323 2299 2275 2251 2227 2203
1,1 2179 2155 2131 2107 2083 2059 2036 2012 1989 1965
1,2 1942 1919 1895 1872 1849 1826 1804 1781 1758 1736
1,3 1714 1691 1669 1647 1626 1604 1582 1561 1539 1518
1.4 1497 1476 1456 1435 1415 1394 1374 1354 1334 1315
1,5 1295 1276 1257 1238 1219 1200 1182 1163 1145 1127
1,6 1109 1092 1074 1057 1040 1023 1006 0989 0973 0957
1,7 0940 0925 0909 0893 0878 0863 0848 0833 0818 0804
1,8 0790 0775 0761 0748 0734 0721 0707 0694 0681 0669
1,9 0656 0644 0632 0620 0608 0596 0584 0573 0562 0551
2,0 0,0540 0529 0519 0508 0498 0488 0478 0468 0459 0449
2,1 0440 0431 0422 0413 0404 0396 0387 0379 0371 0363
2,2 0355 0347 0339 0332 0325 0317 0310 0303 0297 0290
2,3 0283 0277 0270 0264 0258 0252 0246 0241 0235 0229
24 0224 0219 0213 0208 0203 0198 0194 0189 0184 0180
2,5 0175 0171 0167 0163 0158 0154 0151 0147 0143 0139
2,6 0136 0132 0129 0126 0122 0119 0116 0113 0110 0107
2,7 0104 0101 0099 0096 0093 0091 0088 0086 0084 0081
2,8 0079 0077 0075 0073 0071 0069 0067 0065 0063 0061
2,9 0060 0058 0056 0055 0053 0051 0050 0048 0047 0046
3,0 0,0044 0043 0042 0040 0039 0038 0037 0036 0035 0034
3,1 0033 0032 0031 0030 0029 0028 0027 0026 0025 0025
3,2 0024 0023 0022 0022 0021 0020 0020 0019 0018 0018
3,3 0017 0017 0016 0016 0015 0015 0014 0014 0013 0013
34 0012 0012 0012 0011 0011 0010 0010 0010 0009 0009
35 0009 0008 0008 0008 0008 0007 0007 0007 0007 0006
3,6 0006 0006 0006 0005 0005 0005 0005 0005 0005 0004
3,7 0004 0004 0004 0004 0004 0004 0003 0003 0003 0003
3,8 0003 0003 0003 0003 0003 0002 0002 0002 0002 0002
3.9 0002 0002 0002 0002 0002 0002 0002 0002 0002 0001

1IPUJIO’KEHHUE 5




1 ¢ _.-
. (x) — J. e ™ /2dz
Ta6uuua sHaueHnii Gpysxupn P I )

X D(x) X D(x) X D(x) X D(x)
0,00 0,0000 0,24 0,0948 0,48 0,1844 0,72 0,2642
0,01 0,0040 0,25 0,0987 0,49 0,1879 0,73 0,2673
0,02 0,0080 0,26 0,1026 0,50 0,1915 0,74 0,2703
0,03 0,0120 0,27 0,1064 0,51 0,1950 0,75 0,2734
0,04 0,0160 0,28 0,1103 0,52 0,1985 0,76 0,2764
0,05 0,0199 0,29 0,1141 0,53 0,2019 0,77 0,2794
0,06 0,0239 0,30 0,1179 0,54 0,2054 0,78 0,2823
0,07 0,0279 0,31 0,1217 0,55 0,2088 0,79 0,2852
0,08 0,0319 0,32 0,1255 0,56 0,2123 0,80 0,2881
0,09 0,0359 0,33 0,1293 0,57 0,2157 0,81 0,2910
0,10 0,0398 0,34 0,1331 0,58 0,2190 0,82 0,2939
0,11 0,0438 0,35 0,1368 0,59 0,2224 0,83 0,2967
0,12 0,0478 0,36 0,1406 0,60 0,2257 0,34 0,2995
0,13 0,0517 0,37 0,1443 0,61 0,2291 0.85 0,3023
0,14 0,0557 0,38 0,1480 0,62 0,2324 0,86 0,3051
0,15 0,0596 0,39 0,1517 0,63 0,2357 0,87 0,3078
0,16 0,0636 0,40 0,1554 0,64 0,2389 0,88 0,3106
0,17 0,0675 0,41 0,1591 0,65 0,2422 0,89 0,3133
0,18 0,0714 0,42 0,1628 0,66 0,2454 0,90 0,3159
0,19 0,0753 0,43 0,1664 0,67 0,2486 0,91 0,3186
0,20 0,0793 0,44 0,1700 0,68 0,2517 0,92 0,3212
0,21 0,0832 0,45 0,1736 0,69 0,2549 0,93 0,3238
0,22 0,0871 0,46 0,1772 0,70 0,2580 0,94 0,3264
0,23 0,0910 0,47 0,1808 0,71 0,2611 0,95 0,3289
0,96 0,3315 1,16 0,3770 1,36 04131 1,56 0,4406
0,97 0,3340 1,17 0,3790 1,37 0,4147 1,57 0,4418
0,98 0,3365 1,18 0,3810 1,38 0,4162 1,58 0,4429
0,99 0,3389 1,19 0,3830 1,39 0,4177 1,59 0,4441
1,00 0,3413 1,20 0,3849 1,40 0,4192 1,60 0,4452
1,01 0,3438 1,21 0,3869 1,41 0,4207 1,61 0,4463
1,02 0,3461 1,22 0,3883 1,42 0,4222 1,62 0,4474
1,03 0,3485 1,23 0,3907 1,43 0,4236 1,63 0,4484
1,04 0,3508 1,24 0,3925 1,44 0,4251 1,64 0,4495
1,05 0,3531 1,25 0,3944 1,45 0,4265 1,65 0,4505
1,06 0,3554 1,26 0,3962 1,46 0,4279 1,66 0,4515
1,07 0,3577 1,27 0,3980 1,47 0,4292 1,67 0,4525
1,08 0,3599 1,28 0,3997 1,48 0,4306 1,68 0,4535
1,09 0,3621 1,29 0,4015 1,49 0,4319 1,69 0,4545
1,10 0,3643 1,30 0,4032 1,50 0,4332 1,70 0,4554
1,11 0,3665 1,31 0,4049 1,51 0,4345 1,71 0,4564
1,12 0,3686 1,32 0,4066 1,52 0,4357 1,72 0,4573




1,13
1,14
1,15

1,76
1,77
1,78
1,79
1,80
1,81
1,82
1,83
1,84
1,85
1,86
1,87
1,88
1,89
1,90
1,91
1,92
1,93
1,94
1,95
1,96

0,3708
0,3729
0,3749

0,4608
0,4616
0,4625
0,4633
0,4641
0,4649
0,4656
0,4664
0,4671
0,4678
0,4686
0,4693
0,4699
0,4703
0,4713
0,4719
0,4726
0,4732
0,4738
0,4744
0,4750

1,33
1,34
1,35

1,97
1,98
1,99
2,00
2,02
2,04
2,06
2,08
2,10
2,12
2,14
2,16
2,18
2,20
2,22
2,24
2,26
2,28
2,30
2,32
2,34

0,4082
0,4099
04115

0,4756
0,4761
0,4767
0,4772
0,4783
0,4793
0,4803
0,4812
0,4821
0,4830
0,4838
0,4846
0,4854
0,4861
0,4868
0,4875
0,4881
0,4887
0,4893
0,4898
0,4904

1,53
1,54
1,55

2,36
2,38
2,40
2,42
2,44
2,46
2,48
2,50
2,52
2,54
2,56
2,58
2,60
2,62
2,64
2,66
2,68
2,70
2,72
2,74
2,76

0,4370
0,4382
0,4394

0,4909
0,4913
0,4918
0,4922
0,4927
0,4931
0,4934
0,4938
0,4941
0,4945
0,4948
0,4951
0,4953
0,4956
0,4959
0,4961
0,4963
0,4965
0,4967
0,4969
0,4971

1,73
1,74
1,75

2,78
2,80
2,82
2,84
2,86
2,88
2,90
2,92
2,94
2,96
2,98
3,00
3,20
3,40
3,60
3,80
4,00
4,50
5,00

0,4582
0,4591
0,4599

0,4973
0,4974
0,4976
0,4977
0,4979
0,4980
0,4981
0,4982
0,4984
0,4985
0,4986
0,49865
0,49931
0,49966
0,499841
0,499928
0,499968
0,499997
0,499997




1,09
1,10
1,11
1,12
1,13
1,14
1,15

1,76
1,77
1,78
1,79
1,80
1,81
1,82
1,83
1,84
1,85
1,86
1,87
1,88
1,89
1,90
1,91
1,92
1,93
1,94
1,95
1,96

0,3621
0,3643
0,3665
0,3686
0,3708
0,3729
0,3749

0,4608
0,4616
0,4625
0,4633
0,4641
0,4649
0,4656
0,4664
0,4671
0,4678
0,4686
0,4693
0,4699
0,4703
0,4713
0,4719
0,4726
0,4732
0,4738
0,4744
0,4750

1,29
1,30
1,31
1,32
1,33
1,34
1,35

1,97
1,98
1,99
2,00
2,02
2,04
2,06
2,08
2,10
2,12
2,14
2,16
2,18
2,20
2,22
2,24
2,26
2,28
2,30
2,32
2,34

0,4015
0,4032
0,4049
0,4066
0,4082
0,4099
0,4115

0,4756
0,4761
0,4767
0,4772
0,4783
0,4793
0,4803
0,4812
0,4821
0,4830
0,4838
0,4846
0,4854
0,4861
0,4868
0,4875
0,4881
0,4887
0,4893
0,4898
0,4904

1,49
1,50
1,51
1,52
1,53
1,54
1,55

2,36
2,38
2,40
2,42
2,44
2,46
2,48
2,50
2,52
2,54
2,56
2,58
2,60
2,62
2,64
2,66
2,68
2,70
2,72
2,74
2,76

0,4319
0,4332
0,4345
0,4357
0,4370
0,4382
0,4394

0,4909
0,4913
0,4918
0,4922
0,4927
0,4931
0,4934
0,4938
0,4941
0,4945
0,4948
0,4951
0,4953
0,4956
0,4959
0,4961
0,4963
0,4965
0,4967
0,4969
0,4971

1,69
1,70
1,71
1,72
1,73
1,74
1,75

2,78
2,80
2,82
2,84
2,86
2,88
2,90
2,92
2,94
2,96
2,98
3,00
3,20
3,40
3,60
3,80
4,00
4,50
5,00

0,4545
0,4554
0,4564
0,4573
0,4582
0,4591
0,4599

0,4973
0,4974
0,4976
0,4977
0,4979
0,4980
0,4981
0,4982
0,4984
0,4985
0,4986
0,49865
0,49931
0,49966
0,499841
0,499928
0,499968
0,499997
0,499997




